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Abstract. In the framework of the PDE’s algebraic topology, previously
introduced by A. Pra´staro, are considered exotic differential equations, i.e.,
differential equations admitting Cauchy manifolds N identifiable with exotic
spheres, or such that their boundaries ∂N are exotic spheres. For such equa-
tions are obtained local and global existence theorems and stability theorems.
In particular the smooth (4-dimensional) Poincare´ conjecture is proved. This
allows to complete the previous Theorem 4.59 in [75] also for the case n = 4.
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1. INTRODUCTION
In a well known book by B. A. Dubrovin, A. T. Fomenko, and S. P. Novikov pub-
lished in 1990 by the Springer (original Russian edition published in 1979), it is
written ”Up to the 1950s it was generally regarded as ”clear” that any continu-
ous manifold admits a compatible smooth structure, and that any two continuously
homeomorphic manifolds would automatically be diffeomorphic. In fact, these as-
sertions are clearly true in the one-dimensional case, can be proved without great
difficulty in two dimensions, and have been established also in the 3-dimensional
case (by Moise), though with considerable difficulty, notwithstanding the elemen-
tary nature of the techniques involved.”. (See in [20], Part III, page 358.) In these
statements there is summarized the great surprise that produced in the international
mathematical community, the paper by J. Milnor on ”exotic 7-dimensional sphere”.
This unforeseen mathematical phenomenon, really do not soon produced great con-
sequences in the mathematical physics community, since the more physically inter-
esting 3-dimensional case, remained for long a period an open problem being related
to the Poincare´ conjecture too. Nowadays, after the proof of the Poincare´ conjec-
ture, as made by A. Pra´staro, that allows us to extend the h-cobordism theorem
also to the 3-dimensional case, in the category of smooth manifolds, and his results
about exotic spheres and existence of global (smooth) solutions in PDE’s, it appears
”very clear” that exotic spheres are not only a strange mathematical curiosity, but
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are very important mathematical structures to consider in any geometric theory of
PDE’s and its applications.
However, in this beautiful and important mathematical architecture, was remained
open the so-called smooth Poincare´ conjecture. This conjecture states that in di-
mension 4, any homotopy sphere Σ4 is diffeomorphic to S4. The proof of such a
conjecture was considered fat chance since in dimension four there is well known
the phenomenon of exotic R4’s, that, instead does not occur in other dimensions
n 6= 4. This conjecture is of course of great importance in geometric topology, and
has great relevance in geometric theory of PDE’s and its applications.
Aim of this paper is just to emphasize such implications in the algebraic topology
of PDE’s, according to the previous formulation by A. Pra´staro and to generalize
results about ”exotic heat PDE’s” contained in Refs. [72, 74, 75, 76]. In order to
allow a more easy understanding and a presentation as self-contained as possible,
also in this paper, likewise in its companion [75], a large expository style has been
adopted. More precisely, after this introduction, the paper splits into three more
sections. 2. Spectra in algebraic topology. 3. Spectra in PDE’s. 4. Spectra in ex-
otic PDE’s. The main result is Theorem 4.7 that extends Theorem 4.5 in [75] also to
the case n = 4. There it is also proved the smooth (4-dimensional) Poincare´ conjec-
ture (Lemma 4.10), and the smooth 4-dimensional h-cobordism theorem (Corollary
4.18).
2. SPECTRA IN ALGEBRAIC TOPOLOGY
In this section we report on some fundamental definitions and results in algebraic
topology, linked between them by the unifying concept of spectrum, i.e., a suitable
collection of CW-complexes. In fact, this mathematical structure allows us to look
to (co)homotopy theories, (co)homology theories and (co)bordism theories, as all
placed in an unique algebraic topologic framework. This mathematics will be used
in the next two sections by specializing and adapting it to the PDE’s geometric
structure obtaining some fundamental results in algebraic topology of PDE’s, as
given by A. Pra´staro. (See the next section and references quoted there.)
Definition 2.1. A spectrum E is a collection {(En, ∗) : n ∈ Z} of CW-complexes
such that SEn is (or is homeomorphic to) a subcomplex of En+1, all n ∈ Z.
1 A
subspectrum F ⊂ E consists of subcomplexes Fn ⊂ En such that SFn ⊂ Fn+1. A
cell of dimension d′ − n′ in E is a sequence
e = {ed
′
n′ , Se
d′
n′ , S
2ed
′
n′ , · · · },
where ed
′
n′ is a cell in En′ that is not the suspension of any cell in En′−1. Thus
each cell in each complex En is a manifold of exactly one cell of E. We call cell
of dimension −∞ the subspectrum ∗ ≡ F ⊂ E such that Fn = ∗ for all n. A
spectrum E is called finite if it has only finitely many cells. It is called countable if
it has countably many cells.2 An Ω-spectrum is a spectrum E such that the adjoint
1In this paper we denote by SX the suspension of a topological space X. (For details and
general informations on algebraic topology see e.g. [61, 89, 95, 96, 98]. In this paper we will
use the following notation: ≈ homeomorphism; ∼= diffeomorphism; ≅ homotopy equivalence; ≃
homotopy.) Therefore SEn is the suspension of the CW-complex En.
2E is finite iff there is an integer N such that En = Sn−NEN for n ≥ N and the complex EN
is finite.
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ǫ′ : En → ΩEn+1 of the inclusion ǫn : SEn → En+1 is always a weak homotopy
equivalence.
Example 2.2 (Suspension spectrum). If X is any CW-complex, then we can define
a spectrum E(X) by taking
E(X)n ≡
{
∗, n < 0
SnX, n ≥ 0.
Then the mapping ǫn : SE(X)n = S
n+1X → E(X)n+1 = S
n+1X is just the
identity.
In particular if X = S0 = {0, 1} ⊂ R, then E(S0) is called the sphere spectrum and
one has E(S0)n ≅ S
n, but also E(S0)n ≈ S
n. So we get the commutative diagram
given in (1).
(1) · · · {0}

O
O
O
  // {0}

O
O
O
  // {0, 1}

O
O
O
  // E(S0)1

O
O
O
  // E(S0)2

O
O
O
  // · · · 
 // E(S0)n

O
O
O
  // · · ·
· · · {∗} 
 // {∗} 
 // S0
  // S1
  // S2
  // · · · 
 // Sn
  // · · ·
where the vertical arrows  denote homotopic equivalence and homeomorphisms
too.
Example 2.3 (Eilenberg-MacLane spectra). Given any collection {En, ǫn} of CW-
complexes (En, ∗) and cellular maps ǫ:SEn → En+1 we can construct a spectrum
E′ ≡ {E′n} and homotopy equivalences rn : E
′
n → En such that rn+1|SE′n = ǫn◦Srn,
i.e., the following diagram is commutative
SE′n
Srn

  // E′n+1
rn+1

SEn
  // En+1
In particular the Eilenberg-MacLane spaces K(G,n), uniquely defined (up to weak
homotopy equivalence) by the condition (2),3
(2) πk(K(G,n)) =
{
0, k 6= n
G, k = n.
identify an Ω-spectrum since ΩK(G,n+ 1) ≅ K(G,n).
Example 2.4 (Thom spectra). Let π : EGn → BGn be the universal bundle for
Gn-vector bundles. Then the Thom spectrum MG associated to π : EGn → BGn
is defined by (MG)n = MGn and (MG)n+k = S
kMGn, with k ≥ 1. So the map
ǫn : S(MG)n → (MG)n+1 is the natural homeomorphism SMGn ≈ SMGn.
Definition 2.5. A filtration of a spectrum E is an increasing sequence {En : n ∈
Z} of subspectra of E whose union is E.
Example 2.6. The skeletal filtration {E(n)} of E is defined as follows: E(n) is the
union of all the cells of E of dimension at most n.
3If n > 1 then G must be abelian.
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Example 2.7. The layer filtration {E∞} of E is defined as follows: for each cell
e = {en, Sen, · · · } of E we can find a finite subspectrum F ⊂ E of which e is a cell.
(For example, let Fn ⊂ En be the subcomplex consisting of en and all its faces; then
take Fm = ∗, m < n, Fm = Sm−nFn, m ≥ n.) Let l(e) be the smallest number
of cells in any such F . (l(e) coincides with the number of faces of en.) Then we
define En = ∗, n ≤ 0, En = union of all cells with l(e) ≤ n, n > 0. The terms En
are called the layers of E. One can see that {En} is a filtration of E.
Definition 2.8. 1) A function f : E → F between spectra is a collection {fn :
n ∈ Z} of cellular maps fn : En → Fn such that fn+1|SEn = Sfn. The inclusion
i : F →֒ E of a subspectrum F ⊂ E is a function and if g : E → G is a function
then g|F = g ◦ i is also a function.
2) A subspectrum F ⊂ E is called cofinal if for any cell en ⊂ En of E there is an
m such that Smen ⊂ Fn+m.
4
3) Let E and F be spectra. Let S be the set of all pairs (E′, f ′) such that E′ ⊂ E
is a cofinal subspectrum and f ′ : E′ → F is a function. We call maps from E to F
elements of Hom(E,F )/ ∼, where ∼ is the following equivalence relation:
(E′, f ′) ∼ (E′′, f ′′) ⇔ ∃(E′′′, f ′′′) :

E′′′ ⊂ E′ ∩ E′′,
f ′|E′′′ = f ′′′ = f ′′|E′′′ ,
E′′′ cofinal.
 .
(Intuitively maps only need to be defined on each cell.) The category of spectra S
is the category where objects are spectra and morphisms are maps.5
Proposition 2.9. If E ≡ {En} is a spectrum and (X, x0) is a CW-complex, then
we can form a new spectrum E ∧ X: we take (E ∧ X)n = En ∧ X with the weak
topology.
Proof. In fact S(E∧X)n = S(En∧X) = S1∧(En∧X) ∼= (S1∧En)∧X ⊂ En+1∧X .
Furthermore, given a map f : E → F of spectra represented by (E′, f ′) and a map
g : K → L of CW-complexes, we get a map f ∧ g : E ∧ K → F ∧ L of spectra
represented by (E′ ∧K, f ′ ∧ g), since E′ ∧K is cofinal in E ∧K. 
Definition 2.10. A homotopy between spectra is a map h : E ∧ I+ → F .6 There
are two maps i0 : E → E ∧ I+, i1 : E → E ∧ I+, induced by the inclusions of
0, 1 in I+. Then, we say two maps of spectra f0, f1 : E → F are homotopic if
there is a homotopy h : E ∧ I+ → F with h ◦ i0 = f0, h ◦ i1 = f1. We shall write
h0 ≡ h ◦ i0, h1 ≡ h ◦ i1. In terms of cofinal subspectra we can say that two maps
f0, f1 : E → F represented by (E
′
0, f
′
0), (E
′
1, f
′
1), respectively, are homotopic if there
is a cofinal subspectrum E′′ ⊂ E′0 ∩E
′
1 and a function h
′′ : E′′ ∧ I+ → F such that
h′′0 = f
′
0|E′′ , h
′′
1 = f
′
1|E′′ . Homotopy is an equivalence relation, so we may define
[E,F ] to be the set of equivalence classes of maps f : E → F . Composition passes
to homotopy classes. The corresponding category is denoted by S ′.
4If F is cofinal and Kn ⊂ En is a finite subcomplex, then there is an m such that SmKn ⊂
Fn+m. Intersection of two cofinal subspectra is cofinal and if G ⊂ F ⊂ E are subspectra such
that F is cofinal in E and G is cofinal in F , then G is cofinal in E. An arbitrary union of cofinal
subspectra is cofinal.
5Let E and F be spectra and f : E → F a function. If F ′ ⊂ F is a cofinal subspectrum then
there is a cofinal subspectrum E′ ⊂ E with f(E′) ⊂ F ′. (Composition of maps is now possible!)
In the category S any spectrum is equivalent to any cofinal subspectrum of its.
6For any topological space X we setX+ ≡ X⊔{∗}. (If X is not compact X+ is the Alexandrov
compactification to a point.) In particular if X = I ≡ [0, 1] ⊂ , then one takes {∗} as base point.
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Proposition 2.11. Let W• be the category of pointed CW-complexes. One has a
functor E : W• → S, such that E(X, x0) = E(X), and E(f) = {E(f)n}, with
E(f)n = S
nf : SnX → SnY , n ≥ 0, for any f : (X, x0)→ (Y, y0). The functor E
embeds W• into S.
Proposition 2.12. To any map f : E → F between spectra, we can associate
another spectrum, the (mapping cone), F ∪f CE.
Proof. In fact let I be pointed on 0, and set CE ≡ E ∧ I. Then the mapping cone
of f is the spectrum (F ∪f CE)n = En ∪f ′n (E
′
n ∧ I), where (E
′, f ′) represents f . If
(E′′, f ′′) is another representative of f , then {Fn∪f ′n (E
′
n∧I)} and {Fn∪f ′′n (E
′′
n∧I)}
have a natural cofinal subspectrum {Fn∪f ′′′n (E
′′′
n ∧I)} and hence are equivalent. 
Proposition 2.13. One has a natural invertible functor Σ : S → S that induces a
functor on S ′.
Proof. For any spectrum E ≡ {En} we can define ΣE to be the spectrum with
ΣEn = En+1, n ∈ Z. For any function f : E → F we define Σ(f) : ΣE → ΣF to
be the map represented by (ΣE′,Σ(f ′)). Furthermore, Σ induces a functor on S ′
since f0 ≃ f1 implies Σ(f0) ≃ Σ(f1). We can iterate Σ: Σn+1 = Σ ◦ Σn, n ≥ 1.
Σ has also an inverse defined by (Σ−1E)n = En−1, Σ
−1(f)n = fn−1. One has
Σn ◦ Σm = Σn+m, for all integers n,m. 
Remark 2.14. ΣE and E ∧ S1 have the same homotopy type, therefore the sus-
pension is invertible in S ′. The higher homotopy groups for topological spaces are
very difficult to compute. For spectra that computations are easier.
Proposition 2.15. We have wedge sums in S: given a collection {Eα : α ∈ A} of
spectra, we define
∨
αE
α by (
∨
αE
α)n =
∨
αE
α
n .
Proof. Since S(
∨
αE
α
n ) =
∨
α SE
α
n ⊂
∨
α E
α
n+1, this is a spectrum. 
Proposition 2.16. For any collection {Eα : α ∈ A} of spectra, the inclusions
iβ : E
β →
∨
α E
α induce bijections:{
{Hom(iα, 1)} : HomS(
∨
αE
α, F )→
∏
αHomS(E
α, F )
{i∗α} : [
∨
αE
α, F ]→
∏
α[E
α, F ]
}
, ∀F ∈ Hom(S).
Inclusions of spectra possess the homotopy extension property just as with CW-
complexes.
Definition 2.17 (Homotopy groups of spectra). We set πn(E) = [Σ
nS0, E], n ∈ Z.
Proposition 2.18. 1) One has the isomorphisms of abelian groups:
πn(E) ∼= lim−→
k
πn+k(Ek, ∗)
πn(E(X)) ∼= lim−→
k
πn+k(S
kX, ∗) = πsn(X)
 , n ∈ Z.
Note that πsn(X) may be quite different from πn(X, x0).
2) If f : E → F is a map of spectra which is a weak homotopy equivalence, then
f∗ : [G,E]→ [G,F ] is a bijection for any spectrum G.
3) A map of spectra is a weak homotopy equivalence iff it is a homotopy equivalence.
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Definition 2.19. For any map f : E → F of spectra we call the sequence
E
f // F
j // F ∪f CE
a spectral cofibre sequence. A general cofibre sequence, or simply a cofibre se-
quence, is any sequence
G
g // H
h // K
for which there is a homotopy commutative diagram
G
α

g // H
β

h // K
γ

E
f
// F
j
// F ∪f CE
where α, β, γ are homotopy equivalences.
Proposition 2.20. 1) In the sequence
E
f // F
j // F ∪f CE
κ′ // E ∧ S1
f∧1 // F ∧ S1
each pair of consecutive maps forms a cofibre sequence.
2) Given a homotopy commutative diagram of spectra and maps, as the following
G
α

g // H
β

h // K
γ

κ // G ∧ S1
α∧1

G′
g′ // H ′
h′ // K ′
κ′
// G′ ∧ S1
where the rows are cofibre sequences, we can find a map γ : K → K ′ such that the
resulting diagram is homotopy commutative.
3) If G
g // H
h // K is a cofibre sequence, then for any spectrum E the se-
quences
[E,G]
g∗ // [E,H ]
h∗ // [E,K]
[G,E] [H,E]
g∗
oo [K,E]
h∗
oo
are exact.
Theorem 2.21 ((Co)homology theories associated with any spectrum). Let W ′• be
the category of pointed CW-complexes where HomW′
•
((X, x0); (Y, y0)) = [(X, x0), (Y, y0)]
is the set of all homotopy classes of pointed maps (X, x0) → (Y, y0). For each
(X, x0) ∈ Ob(W ′•) and n ∈ Z, we have
En(X) = πn(E ∧X) = [ΣnS0, E ∧X ]
En(X) = [E(X),ΣnE] ∼= [Σ−nS0 ∧X,E].
These define (co)homology theories on W ′• that satisfy the wedge axiom.
7 The
coefficient groups of the homology theory E• are
En(S
0) = πn(E ∧ S
0) = πn(E), n ∈ Z.
7For definitions of generalized (co)homology theories see, e.g., [61, 89].
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The coefficient groups of the cohomology theory E• are
En(S0) = [E(S0),ΣnE] = [S0,ΣnE] ∼= [Σ−nS0, E] = π−n(E), n ∈ Z.
Furthermore, any map f : E → F of spectra induces natural transformations T•(f) :
E• → F•, T •(f) : E• → F • of homology and cohomology theories respectively. If f
is a homotopy equivalence, then T•(f) and T
•(f) are natural equivalences. This is
the case iff f• : πn(E) → πn(F ) is an isomorphism for all n ∈ Z, i.e., T•(f) is a
natural equivalence iff it is an isomorphism on the coefficient groups.
Proof. For f : (X, x0)→ (Y, y0) we take En(f) = (1 ∧ f) and En(f) = E(f).
8 We
define σn : En(X)→ En+1(SX) to be the composite
En(X) = [Σ
nS0, E ∧X ]
Σ
∼=
// [Σn+1S0,ΣE ∧X ] ∼=
// [Σn+1S0, E ∧ S1 ∧X ] = En+1(SX)
En(X) σn
// En+1(SX)
Then σn is a natural equivalence. Furthermore, we define σ
n : En+1(SX)→ En(X)
to be the composite
En+1(SX) = [E(SX),Σn+1E ∧X ] [ΣE(X),Σn+1E]
i∗
∼=oo Σ
−1
∼=
// [E(X),ΣnE] = En(X)
En+1(SX)
σn
// En(X)
Then σn is a natural equivalence too. Let (X,A) be any pointed CW-pair. Since
En ∧ (X ∪ CA) ∼= (En ∧X) ∪C(En ∧ A), n ∈ Z,
we see that
E ∧ A
1∧i // E ∧X
1∧j // E ∧ (X ∪ CA)
is a cofibre sequence. Therefore,
[ΣnS0, E ∧ A]
(1∧i)∗ // [ΣnS0, E ∧X
(1∧j)∗ // [ΣnS0, E ∧ (X ∪ CA)]
is exact; but this is just the sequence
En(A)
i∗ // En(X)
j∗ // En(X ∪CA) .
Thus E• is a homology theory onW
′
•. Since S
n(X ∪CA) ∼= SnX ∪C(SnA), n ∈ Z,
we see that
E(A)
E(i) // E(X)
E(j) // E(X ∪CA)
is a cofibre sequence. Hence
[E(A),Σn(E)] [E(X),Σn(E)]
E(i)∗
oo [E(X ∪ CA),Σn(E)]
E(j)∗
oo
is exact; but this is just the sequence
En(A) En(X)
i∗
oo En(X ∪ CA)
j∗
oo .
8Here we have used the fact that E(SX) is a cofinal subspectrum of ΣE(X) and hence the
inclusion i : E(SX)→ ΣE(X) induces an isomorphism i∗.
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Thus E• is a cohomology theory on W ′•. Since for any collection {Xα : α ∈ A} of
CW-complexes we have Sn(
∨
αXα)
∼=
∨
α S
nXα and hence E(
∨
αXα)
∼=
∨
αE(Xα)
we conclude that {i∗α} : E
n(
∨
αXα)→
∏
α E
n(Xα) is an isomorphism for all n ∈ Z.
In other words E• satisfies the wedge axiom. One can also prove that E• satisfies
the wedge axiom. 
Corollary 2.22. For any spectrum E and any filtration {Xn} of a CW-complex
X we have an exact sequence
0 // lim1Eq−1(Xn) // Eq(X)
{i∗n} // lim0Eq(Xn) // 0 .
Proposition 2.23. We can extend the cohomology theory E• to a cohomology
theory on the category S ′ by simply taking
En(F ) = [F,Σn(E)], n ∈ Z, F ∈ Ob(S ′).
Furthermore, if T • : E• → F • is a natural equivalence of cohomology theories on
S ′, we can show T • = T •(f) for some map f : E → F .
Proof. In fact E• is a cohomology theory in the sense that we have natural equiv-
alences
En+1(F ∧ S1) // En+1(ΣF )
∼= // En(F )
En+1(F ∧ S1)
σn
// En(F )
for all n ∈ Z, F ∈ Ob(S ′). Furthermore, E• satisfies the following exactness axiom:
For any cofibre sequence F
f
→G
g
→H , the sequence
En(F )
f∗ // En(G)
g∗ // En(H)
is exact. (This axiom is equivalent to the usual one over W ′•.) 
Proposition 2.24. 1) A possible extension of the homology theory E• to a homol-
ogy theory on the category S ′ is the following
En(G) = πn(E ∧G) ≡ [Σ
nS0, E ∧G].
In this case, however, it is not assured that a natural transformation T• : E• → F•
on S ′ is of the form T • = T •(f) for some map f : E → F .
2) If E is an Ω-spectrum, then for every CW-complex (X, x0) we have a natural
isomorphism En(X) ∼= [X, x0;En, ∗].
Example 2.25 (Example of (co)homology theories associated to spectra). Let us
consider the sphere spectrum S0 ≡ E(S0). The associated homology theory:
S0•(X) = π•(S
0 ∧X) = {lim
−→
k
πn+k(S
kX, ∗) ≡ πsn(X)},
is called stable homotopy (of X). Furthermore, the associated cohomology theory:
(S0)•(X) = π•s (X) ≡ {lim−→
k
πn+k(S
k ∧X)},
is called stable cohomotopy (of X). For any n ≥ 2 we have the natural map
i0 : πn(X, x0)→ lim−→
k
πn+k(S
kX, ∗) = πsn(X), i0(x) = {x}.
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We can also define i0 as follows: any map f : (S
n, s0)→ (X, x0) defines a function
E(f) : E(Sn) → E(X). Since E(Sn) is a cofinal subspectrum of ΣS0, we get a
map {E(f)} : ΣnS0 → E(X), and
i0[f ] = [{E(f)}] ∈ [Σ
nS0, E(X)] = πsn(X).
This definition of i0 applies even for n = 0 or 1. i0 is a homomrphism for n ≥ 1.
The coefficient groups πsn(S
0) = lim
−→
k
πn+k(S
k, s0) are called stable homotopy groups
or n-stems, and denoted by πsn. These groups are known only through a finite range
of n > 0. In particular, one has: πsn = 0, n < 0, π
s
0
∼= Z.
Proposition 2.26. Let denote T ′op,•, (resp. T
2′
op,•, resp. T
′
op), the category of topo-
logical spaces, (resp. pointed topological spaces, resp. couples of pointed topological
spaces), with morphisms homotopy classes of maps structures preserving. For every
spectrum E we can define a reduced homology theory E•(−) and a reduced coho-
mology theory E•(−) on T ′op,•, T
2′
op,• and T
′
op respectively.
Proof. In fact, for X ∈ Ob(T ′op,•) we have the following reduced homology the-
ory: E˜•(X) ≡ E•(X ′) = π•(E ∧ X ′), where X ′ is any CW-substitute for X .
Furthermore, for any (X,A) ∈ Ob(T 2
′
op,•) we have the following reduced homology
theory: E•(X,A) ≡ E˜•(X+ ∪ CA+). Finally for any space X ∈ Ob(T ′op) we have
E•(X) = E•(X,∅). Furthermore, E
n(X) = [X,En]. The coefficients of these
theories are the groups E•(∗) ∼= E•(∗) = π•(E). 
The calculation of generalized homology theories can be made easier by using spec-
tral sequences. Relations between such structures are given by the following two
theorems.
Theorem 2.27 (Atiyah-Hirzebruch-Whitehead). Suppose {En} be a spectrum and
X a space. Then, there is a spectral sequence {E•,•r , dr} with
Ep,q2
∼= Hp(X ;Eq(∗))
converging to E•(X). Furthermore, there is also a spectral sequence {Er•,•, d
r} with
E2p,q
∼= Hp(X ;E
q(∗))
converging to E•(X).
9 Here E•(−) (resp. E•(−)) is the homology (resp. cohomol-
ogy) associated to the spectrum {En}.
Theorem 2.28 (Leray-Serre). If E• is a homology theory with products satisfying
the wedge axiom for CW-complexes and the WHE axiom, then for every fibration
p : E → B orientable with respect to E•,
10 and with B 0-connected, there is a
spectral sequence {Erp,q, d
r} converging to E•(E) and having
E2p.q
∼= Hp(B;Eq(F )).
The spectral sequence is natural with respect to a fibre map.
9Let U be an abelian category. A differential object in U is a pair (A, d) where A ∈ Ob(U) and
d ∈ HomU (A;A) such that d2 = 0. Let D(U) be the category of differential objects in U . We call
homology the additive functor H : D(U) → U , given by H(A, d) = ker(d)/im (d) = Z(A)/B(A),
where Z(A) is the set of cycles of A and B is the set of boundaries of A. H(A) is the homology
of (A, d). Then, a spectral sequence in the category U is a sequence of differential objects of U :
{En, dn}, N = 1, 2, · · · , such that H(En, dn) = En+1, n = 1, 2, · · · . (See, e.g., [43, 57].)
10For the homological definition of orientability see next Remark 2.39.
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Remark 2.29. The problem of extension of maps and sections of fiber bundles is
related to (co)homology theories. In fact we have the following theorems.
Theorem 2.30. Let K be a cell complex and let L ⊂ K be a subcomplex. Let X
be a simply-connected topological space (or at least that is homotopy-simple in the
sense that π1(X) is abelian and acts trivially on all the groups πi(X), i > 1.) A
given map f : L → X, can be extended from the subcomplex L
⋃
Ki−1 to L
⋃
Ki,
if πi−1(X) = 0.
Proof. In fact the obstruction to such an extension is determined by an element αf
of the relative cohomology group Hi(K,L;πi−1(X)). The vanishing of αf in this
group suffices for the map to be extendible. In particular, the extension is assured if
πi−1(X) = 0. (For more details see e.g. Refs. [20, 61] and works quoted there.) 
Theorem 2.31. Let f, g : K → X be two maps which coincide on the (q − 1)-
skeleton Kq−1 of K. On each cell σq ⊂ Kq the two maps f and g give rise,
via their restrictions, to two maps f, g : σq → X coinciding on the boundary:
f |∂σq = g|∂σq , and therefore yielding in combination a map Sq → X, determining
what is called a ”distinguishing element” of πq(X), i.e., for each q-cell σ
q of K, we
have a difference cochain α(σq , f, g) ∈ πq(X). Then, the difference cochain may be
regarded as belonging to the cohomology group Hq(K;πq(X)).
Theorem 2.32. If X = K(G,n) is a Eilenberg-MacLane space then there is a
natural one-to-one correspondence [K,X ] ↔ Hn(K;G). In the case n = 1, the
elements of H1(K;G) and [K,X ] are determined by the homomorphisms π1(K)→
G. (This theorem remains true even if G is non-abelian.)
Example 2.33. One has a natural one-to-one correspondence [Kn, Sn]↔ Hn(Kn;Z),
where Kn is an n-dimensional complex.
Theorem 2.34. Let π : E → B be a fibre bundle with base B given as a simplicial
(or cell) complex and fibre F . We shall assume that B is simply-connected (or at
least that π1(B) acts trivially on the groups πi(F ). We shall assume also that the
fibre F is simply-connected (or at least homotopy-simple). Suppose s : Bq−1 → E be
a croos-section of the fibre bundle above the (q−1)-skeleton Bq−1 ⊂ B. An obstruc-
tion to extending a cross-section may be regarded as an element of Hq(B;πq−1(F )).
In particular, if the fibre is the (q − 1)-sphere Sq−1, then the obstruction α ∈
Hq(B;πq−1(F )) is an Euler characteristic class of the fibre bundle.
Proof. Let σq be any q-simplex of B. Above the simplex σq the fibre bundle is
canonically identifiable with the direct product: π−1(σq) ∼= σq × F . As on the
boundary ∂σq ∼= Sq−1 the cross-section s : ∂σq → ∂σq × F is by assumption,
already given. Hence via the projection map onto F we obtain a map Sq−1 → F ,
defining an element α(σq , s) ∈ πq−1(F ) for each q-simplex σq ⊂ Bq. Therefore
an obstruction cocycle α to the attempted extension of the cross-section s to the
q-skeleton Bq, belongs to Hq(B;πq−1(F )). 
Theorem 2.35. Let ϕi : B → E, i = 1, 2, be two cross-sections agreeing on the
(q − 1)-skeleton Bq−1 ⊂ B. The obstruction to a homotopy between the cross-
sections ϕ1 and ϕ2, α(ϕ1, ϕ2) ∈ Hq(B;πq(F )).
Corollary 2.36. If the fibre is contractible, (πi(F ) = 0 for all i), then it follows
that cross-sections always exist, and moreover that all cross-sections are homotopic.
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Example 2.37. This is the situation for the fiber bundle of positive definite qua-
dratic forms, where the cross-sections are Riemannian metrics. So over a manifold
M Riemannian metrics always exist and are homotopic, i.e., any two Riemannian
metrics are continuously deformable one into the other. For indefinite metrics of
type (p, q) with p+ q = n, this results is not more valid. In fact in these cases one
has πi(F ) = πi(GL(n;R)/O(p, q)) 6= 0.
Example 2.38. Connections on a fibre bundle E → B, with fibre F , always ex-
ist. In fact, such connections can be identified with sections of the fibre bundle of
horizontal directions over any point x ∈ B.
Remark 2.39 (Fundamental homology class of manifold). Let Λ be a commutative
ring. Let M be a fixed n-dimensional manifold, not necessarily compact. Let K ⊂
M denote a compact subset ofM . If K ⊂ L ⊂M , one has a natural homomorphism
ρK : Hi(M,M \ L; Λ) → Hi(M,M \ K; Λ). If a ∈ Hi(M,M \ L; Λ), then we
call ρK(a) the restriction of a to K. The groups Hi(M,M \ K; Λ) are zero for
i > n. A homology class a ∈ Hn(M,M \ K; Λ) is zero iff the restriction ρx(a) ∈
Hn(M,M \ x; Λ) is zero for each x ∈ K. Let us, now, take Λ = Z. Then
Hi(M,M \ x;Z) ∼= Hi(R
n,Rn \ {0};Z) =
{
0, i 6= n
infinite cyclic, i = n.
A local orientation µx for M at x is a choice of one of two possible generators
for Hn(M,M \ x;Z). Note that such a µx determines local orientations µy for all
points y in a small neighborhood of x. In fact, if B is a ball about x, then for each
y ∈ B the isomorphisms
H•(M,M \ x;Z)
ρx // H•(M,M \B;Z) H•(M,M \ y;Z)ρy
oo
determine a local orientation µy. An orientation for M is a function which assigns
to each x ∈M a local orientation µx which continuously depends on x, i.e., for each
x there should exist a compact neighborhood N and a class µN ∈ Hn(M,M\N ;Z) so
that ρy(µN ) = µy for each y ∈ N . An oriented manifold is a manifold M endowed
with an orientation. For any oriented manifold M and any compact K ⊂ M ,
there is one and only one µK ∈ Hn(M ;M \ K;Z) which satisfies ρx(µK) = µx
for each x ∈ K. In particular, if M is compact, then there is one an only one
µM ∈ Hn(M ;Z) with the required property. This class µ ≡ µM is called the fun-
damental homology class of M . As Hn(M ;Z) ∼= Zr, for oriented manifold, with
r the number of connected components of M , it follows that µM = (1, · · ·r · · · , 1)
is the basis of the Z-module Hn(M ;Z). For any coefficient domain Λ, the unique
homomorphism Z → Λ gives rise to a class in Hn(M,M \K; Λ) that will also be
denoted by µK . For example, we can take Λ ≡ Z2, so that µK ∈ Hn(M,M \K;Z2).
This homology class can be constructed directly for any n-dimensional manifold,
without making any assumption of orientability. In particular, if M is a non-
orientable compact manifold of dimension n, with r connected components, one
has Hn(M ;Z2) ∼= (Z2)r. Similar considerations apply to an oriented manifold
with boundary. For each compact subset K ⊂ M , there exists a unique class
µK ∈ Hn(M, (M \ K) ∪ ∂M ;Z) with the property that ρx(µK) = µx for each
x ∈ K ∩ (M \ ∂M). In particular, if M is compact, then there is a unique fun-
damental homology class µM ∈ Hn(M,∂M ;Z) with the required property. Then,
the connecting homomorphism ∂ : Hn(M,∂M ;Z) → Hn(∂M ;Z) maps µM to the
fundamental homology class of ∂M .
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Remark 2.40 (Stiefel-Whitney characteristic classes and Stiefel-Whitney charac-
teristic numbers). Given a vector bundle p : E → B, fibre Rn, and bundle group
G = O(n), we can form the associated bundle pk : Ek → B of orhonormal k-frames
with fibre Fk ≡ Vn,k, the Stiefel manifold of orthonormal k-frames in Rn.
11 As
πi(Vn,k) =

0, i < n− k
Z, n− k = 2r + 1, or k = 1
Z2, n− k = 2r,
it follows that for each k = 1, · · · , n the obstruction to the existence of a cross-
section of the fibre bundle pk : Ek → B will be an element αk ∈ Hn−k+1(B;πn−k(Vn,k)).
The cohomology class αk, considered module 2, is called the kth Stiefel-Whitney
class of the vector bundle p : E → B,12 and we write
w0 = 1,
wq ≡ αn−q+1 mod 2 ∈ Hq(B;Z2), q = 1, · · · , n.,
wq = 0, q > n.
The polynomial w(t) ≡ w0+w1t+· · ·+wqtq+· · ·+wntn is called the Stiefel-Whitney
polynomial of the vector bundle p : E → B. We call w(E) = 1 + w1 + · · · + wn
the Stiefel-Whitney class of p : E → B. If the manifold M (dimM = n) is ori-
entable, one has w1 = 0. In fact, the natural mapping j : BSO(n) → BO(n),
which ”forgets” the orientation on the oriented n-dimensional planes representing
the points in Gˆ∞,n = BSO(n),
13 induces an epimorphism j• : H•(BO(n);Z2) →
H•(BSO(n);Z2), with kernel < w1 >, the ideal generated by the first Stiefel-
Whitney class w1 ∈ H1(BO(n);Z2). Therefore, for any fiber bundle WO and WSO,
over a manifold X, with structure groups O(n) and SO(n) respectively, we get the
following commutative diagram:
0 // < w1 > // H•(BO(n);Z2)
∼=

pi // H•(BSO(n);Z2)
∼=

// 0
0 // < w1|X > // Kar•(WO;Z2) _

p¯i // Kar•(WSO;Z2) _

// 0
H•(X ;Z2) H
•(X ;Z2)
Therefore WO admits the reduction to WSO if π¯ is injective, i.e., if w1|X = 0. In
particular, X, dimX = n, is orientable iff TX admits the reduction to SO(n), i.e.,
its first Stiefel-Whitney class is zero. We get also the following propositions:
(i) wn = χ(X) mod 2, where χ(X) is the Euler characteristic of X.
(ii) For the direct product (E1 × E2, p1 × p2, B1 × B2) of vector bundles, one has
w(t) =
1
w(t)
2
w(t), where
i
w(t), i = 1, 2, are the Stiefel-Whitney polynomials of the
factors.
(iii) Let E1
⊕
E2 be the Whitney sum of two real vector bundles over the same base,
then w(E1
⊕
E2) = w(E1)w(E2), i.e., wk(E1
⊕
E2) =
∑
0≤i≤k wi(E1)wk−i(E2).
(iv) One has the following isomorphism: H•(M ;Z2) ∼= Z2[w1, · · · , wn], dimM = n.
11In particular, for k = n, Fk ∼= O(n), and for k = 1, F1 ∼= Sn−1.
12By the Stiefel-Whitney classes of an n-dimensional manifoldM , one means the corresponding
classes of TM .
13universal classifying space for the group SO(n).
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Let GN,k be the Grassmannian manifold that represents the set of k-dimensional
vector spaces of RN . Then G∞,k = BO(k) is the universal classifying space for
the orthogonal group O(k). Let f : M → RN be an embedding of a k-dimensional
manifold M into RN , (for enough large N). Then we have the following map
(generalized Gauss map)
τM :M → G∞,k, x 7→ TxM →֒ Tf(x)R
N ⊂ Tf(x)R
∞.
This induces the tangent bundle TM from the universal bundle, V∞,k → G∞,k, of
orthonormal tangent k-frames on M , with respect to the induced metric. So we
have the following commutative diagram:
τ∗MV∞,k ≡ TM

// V∞,k

M τM
// G∞,k
Each element w ∈ Hs(G∞,k;Z2) determines a corresponding mod 2 characteristic
class w(M) ≡ τ∗Mw, and the stable mod 2 characteristic classes of M (with respect
to the group O(k)) are those determined by elements w ∈ Hs(BO(k);Z2) which
are pull-backs of elements w¯ ∈ Hs(BO(k + 1);Z2) via the natural embeddings λ :
BO(k) → BO(k + 1), induced by the standard embedding λ : O(k) → O(k + 1):
w = λ∗w¯. So if w(M) is a stable mod 2 characteristic class of M , then w(M) =
τ∗Mλ
∗w¯, for some w¯ ∈ Hs(BO(k + 1);Z2).
Let us assume, now, that M = ∂W , dimW = k + 1, we have: w¯(W ) = τ∗W w¯, and
taking into account the inclusion map i :M →W , the restriction to M of the map
τW : W → BO(k + 1), satisfies
τW |M = τW ◦ i = λ ◦ τM
= τM
⊕
1 :M → BO(k + 1),
inducing the Whitney sum TM
⊕
M T
0
0M . Therefore w(M) = i
∗w¯(W ). Now since
M = ∂W it follows that, for the fundamental homology class [M ], we have i∗[M ] =
0. Therefore, assuming w(M) ∈ Hk(M,Z2), its evaluation on [M ] gives:
< w(M), [M ] >=< i∗w¯, [M ] >=< w¯, i∗[M ] >=< w¯, 0 >= 0.
Since [M ] generate Hk(M ;Z2)
14 it follows that the Stiefel-Whitney numbers of M ,
i.e., the values taken on [M ] by its mod 2 stable characteristic classes of dimension
k, are zero.
We have the following theorem.
Theorem 2.41 (Pontrjagin). If B is a smooth compact (n+ 1)-dimensional man-
ifold with boundary M ≡ ∂B, then the Stiefel-Whitney numbers of M are all zero.
Proof. Here, let us give, also, another direct proof to this important theorem
. Let us denote the fundamental homology class of the pair (B, ∂B) by µB ∈
Hn+1(B, ∂B;Z2). Then, the natural homomorphism
∂ : Hn+1(B, ∂B;Z2)→ Hn(∂B;Z2)
14IfM is a closed and connected manifold of dimension k, admitting a finite triangulation, then
Hk(M ;Z2) ∼= Z2. The fundamental class of M is [M ] =
∑
i v
k
i , i.e., the sum of all k-simplexes.
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maps µB to µ∂B . For any class v ∈ Hn(M ;Z2) one has: < v, ∂µB >=< δv, µB >,
where δ is the natural homomorphism δ : Hn(∂B;Z2)→ Hn+1(B, ∂B;Z2). (There
is not sign since we are working mod 2.) Consider the tangent bundles TB|∂B and
T (∂B) ⊂ TB|∂B. Choosing a Euclidean metric on TB, there is a unique outward
normal vector field along ∂B, spanning a trivial line bundle ǫ1, and it follows that
TB|∂B ∼= T (∂B)
⊕
ǫ1. Hence the Stiefel-Whitney classes of TB|∂B are precisely
equal to the Stiefel-Whitney classes wj of T (∂B). Using the exact sequence
Hn(B;Z2)
i∗ // Hn(∂B;Z2)
δ // Hn+1(B, ∂B;Z2)
it follows that δ(wr11 · · ·w
rn
n ) = 0 and therefore
< wr11 · · ·w
rn
n , ∂µB >=< δ(w
r1
1 · · ·w
rn
n ), µB >= 0.
As ∂µB = µ∂B , we can conclude that all Stiefel-Whitney numbers of ∂B are zero.

Definition 2.42. In the category of closed smooth (resp. oriented) manifolds of
dimension n, we can define, by means of bordism properties, an equivalence relation.
More precisely, we say that X1 ∼ X2 iff X1 ⊔ X2 = ∂W , where W is a smooth
manifold of dimension n+1. The corresponding set Ωn (resp.
+Ωn) of equivalences
classes is called the n-dimensional bordism group (resp. oriented n-dimensional
bordism group).
Now, the nullity of the Stiefel-Whitney numbers is also a sufficient condition to
bording. In fact we have the following.
Theorem 2.43 (Pontrjagin-Thom). A closed n-dimensional smooth manifold V ,
belonging to the category of smooth differentiable manifolds, is bordant in this cat-
egory, i.e., V = ∂M , for some smooth (n + 1)-dimensional manifold M , iff the
Stiefel-Whitney numbers < wi1 · · ·wip , µV > are all zero, where i1+ · · ·+ ip = n is
any partition of n and µV is the fundamental class of V . Furthermore, the bordism
group Ωn of n-dimensional smooth manifolds is a finite abelian torsion group of the
form
Ωn ∼= Z2 ⊕ · · · ⊕ Z2︸ ︷︷ ︸
q
,
where q is the number of nondyadic partitions of n.15 Two smooth closed n-
dimensional manifolds belong to the same bordism class iff all their corresponding
Stiefel-Whitney numbers are equal. Furthermore, the bordism group +Ωn of closed
n-dimensional oriented smooth manifolds is a finitely generated abelian group of the
form
+Ωn ∼= Z
⊕
· · ·
⊕
Z
⊕
Z2
⊕
· · ·
⊕
Z2,
where infinite cyclic summands can occur only if n ≡ 0 mod 4. Two smooth closed
oriented n-dimensional manifolds belong to the same bordism class iff all their corre-
sponding Stiefel-Whitney and Pontrjagin numbers are equal.16 The bordism groups
Ωp, (resp.
+Ωp), by disjoint union and topological product of manifolds induce ad-
dition and multiplication operators with respect to which the cobordism classes form
15A partition (i1, · · · , ir) of n is nondyadic if none of the iβ are of the form 2s − 1.
16Pontrjagin numbers are determined by means of homonymous characteristic classes belong-
ing to H•(BG,Z), where BG is the classifying space for G-bundles, with G = Sp(n).
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a graded ring, the bordism ring Ω• ≡
⊕
p≥0Ωp, (resp. the oriented bordism ring
+Ω• ≡
⊕
p≥0
+Ωp) that is a polynomial ring over Z2.
Proof. See, e.g., [55, 87, 92, 95]. 
Theorem 2.44 (Dold [17]). Let us call Dold manifold P (m,n), the bundle over
RPn with fibre CPn, defined by the following P (m,n) ≡ (Sm × CPn)/τ , where
τ is the involution mapping (x, [y]) 7→ (−x, [y¯]), where y¯ = (y¯0, · · · , y¯n) for y =
(y0, · · · , yn). The bordism ring Ω• ≡
⊕
p≥0Ωp is a polynomial ring over Z2:
Ω• ∼= Z2[x2, x4, x5, x6, x8, · · · , xi, · · · ], i 6= 2
k − 1
where the polynomial generators xi are given by Dold manifolds. More precisely
one has:17 {
For i even xi = [P (i, 0)] = [RP
i]
For i = 2r(2s+ 1)− 1 xi = [P (2
r − 1, s2r)].
Theorem 2.45 (Wall [95, 96]). There is a natural map r : +Ω• → Ω•, obtained by
ignoring orientation, and a polynomial subalgebra Ω• ⊂ Ω•, containing r(+Ω•),
and a map ∂ : Ω• → +Ω•, such that the following diagram is commutative and
exact.
+Ω•
2 // +Ω•
r
||yy
yy
yy
yy
0 // Ω•
∂
bbEEEEEEEE
// Ω•
Ω• is defined as the subset of Ω• of classes containing a manifold M such that
the first Stiefel-Whitney class w1 is the restriction of an integer class, and thus
corresponds to a map f :M → S1.
Ω• contains:
(i) Dold manifolds representing the classes xi, i 6= 2k − 1, in Ω•;
(ii) manifolds M2k with w2k(M2k) = 1;
(iii) spaces (CP)2
n
.
Since by a computation with Stiefel-Whitney numbers CPn and (RPn)2 are cobor-
dant, all these just generate the polynomial subalgebra Ω• ⊂ Ω•.
Definition 2.46. Let a k-cycle ofM be a couple (N, f), where N is a k-dimensional
closed (oriented) manifold and f : N →M is a differentiable mapping. A group of
cycles (N, f) of an n-dimensional manifold M is the set of formal sums
∑
i(Ni, fi),
where (Ni, fi) are cycles of M . The quotient of this group by the cycles equivalent
to zero, i.e., the boundaries, gives the bordism groups Ωs(M). We define relative
bordisms Ωs(X,Y ), for any pair of manifolds (X,Y ), Y ⊂ X, where the boundaries
are constrained to belong to Y . Similarly we define the oriented bordism groups
+Ωs(M) and
+Ωs(X,Y ).
Proposition 2.47. One has Ωs(∗)
∼= Ωs and +Ωs(∗)
∼= +Ωs.
Proposition 2.48. For bordisms, the theorem of invariance of homotopy is valid.
Furthermore, for any CW-pair (X,Y ), Y ⊂ X, one has the isomorphisms: Ωs(X,Y )
∼=
Ωs(X/Y ), s ≥ 0.
17 RPk are orientable manifolds iff k ∈ N is odd. P (2r − 1, s2r) are orientable manifolds. One
has dimP (m,n) = m+ 2n.
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Table 1. MO(s) and MSO(s) as K(G,n)-complexes.
MO(1) ∼= RP∞ ∼= K(Z2, 1) πj = 0, j > 1
MSO(1) ∼=Me ∼= S1 ∼= K(Z, 1) πj = 0, j > 1
MSO(2) ∼= CP∞ ∼= K(Z, 2) πj = 0, j 6= 2
φ(1) = u ∈ Hn(MG) is the fundamental class of K(G,n).
(See Lemma 2.54.)
Table 2. Homotopy groups of M(ξ).
πj(M(ξ)) Conditions
0 1 ≤ j < n
Z2 j = n, non-orientable fiber bundle
Z j = n, orientable fiber bundle
Theorem 2.49. One has a natural group-homomorphism Ωs(X) → Hs(X ;Z2).
This is an isomorphism for s = 1. In general, Ωs(X) 6= Hs(X ;Z2).
Proof. In fact one has the following lemma.
Lemma 2.50 (Quillen). [78] One has the canonical isomorphism:
Ωp(X)
∼=
⊕
r+s=p
Hr(X ;Z2)⊗Z2 Ωs.
In particular, as Ω0 = Z2 and Ω1 = 0, we get Ω1(X)
∼= H1(X ;Z2). Note that for
contractible manifolds, Hs(X) = 0, for s > 0, but Ωs(X) cannot be trivial for any
s > 0. So, in general, Ωs(X) 6= Hs(X ;Z2).
After these results and remarks, the proof of the theorem follows directly. 
Definition 2.51. Let B be a closed differential connected manifold and let ξ ≡ (p :
E → B,F ≡ Rn, G) be a vector bundle over B with fibre Rn and structure group
G = O(n), SO(n), U(n), SU(n) or Sp(n). Let E˜ → B be the subbundle of ξ defined
by the vectors in the fibers with length ≤ 1. The fiber F ′ of E˜ is F ′ ≡ Dn ⊂ Rn. The
boundary ∂E˜ is a fiber bundle with fiber Sn−1. The Thom complex of the vector
bundle ξ is the quotient complex M(ξ) = E˜/∂E˜. So M(ξ) is the compactified to a
point of E: M(ξ) ≡ E ∪ {∞} ≡ E+.
Example 2.52. If B = BG, the base space of the universal G-bundle, with fibre
Rn, we denote by MG the corresponding Thom complex. In particular, for G =
O(n), SO(n), U(n/2), SU(n/2), or Sp(n/4), we denote the corresponding Thom
complexes byMO(n), MSO(n), MU(n/2),MSU(n/2) andMSp(n/4) respectively.
In some cases the complexes MO(s), MSO(s) are Eilenberg-MacLane complexes of
type K(G,n). Tab. 1 resumes such cases. The Thom complexes M(ξ) are simply
connected for n > 1. Their homotopy groups are reported in Tab. 2.
Theorem 2.53. 1) A cycle x ∈ Hs(M ;Z2), dimM = n + s, is realized by means
of a closed s-dimensional submanifold N ⊂M , iff there exists a mapping f :M →
MO(n) such that f∗u = Dx, where u ∈ Hn(MO(n);Z2) is a fundamental class
and D : Hs(M ;Z2)→ Hn(M ;Z2) is the Poincare´ duality operator.
2) Let M be an (n + s)-dimensional oriented manifold. A cycle x ∈ Hs(M ;Z) is
realized by means of a closed oriented submanifold N ⊂M iff there exists a mapping
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f :M →MSO(n) such that f∗u = Dx. A cycle x ∈ Hs(M ;Z) is realized by means
of a closed oriented submanifold N ⊂ M of trivial normal bundle (i.e., defined by
means of a family of nonsingular equations ψ1 = 0, · · · , ψk = 0, in M) iff there
exists a mapping f :M →Me ∼= Sn such that f∗u = Dx.
3) Similar theorems hold in the cases of realizations of cycles by means of sub-
manifolds with normal bundles endowed with structural groups U(n/2), SU(n/2),
Sp(n/4). A mapping M → MU(n/2), M → MSU(n/2) and MSp(n/4) generates
such restrictions.
Proof. Let us consider the following definitions and lemmas.
Lemma 2.54. One has the natural isomorphisms:
φ : Hi(B;A)→ Hn+i(M(ξ);A), φ : Hi(B;A)→ Hn+i(M(ξ);A),
z 7→ φ(z) ≡ p∗z (mod ∂E˜), i ≥ 0, n = dimF,
where A ≡ Z2 if G = O(n), A ≡ Z if G = SO(n), A ≡ Q if G = U(n), Sp(n).
More precisely φ = DE˜ ◦DB, where DX are the following duality operators:
DB : Hq(B)→ Hm−q(B), dimB = m,
DE˜ : Hm−q(E˜)
∼= Hm−q(B)→ Hn+m−(m−q)(E˜, ∂E˜) ∼= Hq+n(M(ξ)), q > 0.
One has a fundamental class in the cohomology of Thom of ξ, i.e., φ(1) ∈ Hn(M(ξ)).
Furthermore, the following identifications hold: M(ξ)/B ≡ ξ, M(ξ) \ B ∼= {∗},
where B is identified with a submanifold of M(ξ) by means of the zero section.
Lemma 2.55. The Stiefel-Whitney class wi ∈ Hi(B;Z2) of a vector bundle ξ
with base B is related to the Thom complex M(ξ) by the following relation: wi =
φ∗siq(φ(1)), where φ : H
q(B;Z2) → Hn+q(M(ξ);Z2) and siq are Steenrod squares,
i.e., homomorphisms siq : H
n(M(ξ);Z2) → Hn+i(M(ξ);Z2). (See Theorem 2.68
and Tab. 5 for informations on Steenrod squares.)
Definition 2.56. Let X ⊂ Y be a smooth submanifold of a smooth manifold Y , of
codimension k. LetM be another smooth manifold. Then a smooth map f :M → Y
is said to be transversally regular on X if the rank of the map Df(x) : TxM →
Tf(x)Y/Tf(x)X is k whenever f(x) ∈ X. In such a case we write f(M) ⋔ X.
The group O(n) contains a subgroup of diagonal matrices D(n) ⊂ O(n) such that
D(n) ∼= Z2×· · ·×Z2. Furthermore, one has a canonical mapping between classifying
spaces
BD(n) ∼= RP∞1 × · · · × RP
∞
n
i
−→BO(n)
and the induced cohomology mapping
i∗ : H•(BO(n);Z2)→ H
•(BD(n);Z2).
One can see that i∗ is a monomorphism and that im (i∗) is the set of symmetric
polynomials in χ1, · · · , χn, where 0 6= χi ∈ H1(RP∞;Z2). Moreover, the Stiefel-
Whitney classes are elementary symmetric polynomials: i∗(wq) =
∑
i1<···<iq
χi1 · · ·χiq .
Recall that the mapping j : BSO(n)→ BO(n) induces an epimorphism
j• : H•(BO(n);Z2)→ H
•(BSO(n);Z2),
with ker(j•) generated, as ideal, by the element w1 ∈ H1(BO(n);Z2). Now, let
M(ξ) be the Thom complex of the universal bundle ξ on BO(n). By means of the
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Table 3. Bordism groups and stable homotopy groups.
Ωs ∼= πn+s(MO(n))
+Ωs ∼= πn+s(MSO(n))
ΩUs
∼= πn+s(MU(n/2))
ΩSUs ∼= πn+s(MSU(n/2))
ΩSps ∼= πn+s(MSp(n/4))
zero section we can identify a mapping f : BO(n) → M(ξ), hence we get also the
following morphism
f• : H•(M(ξ);Z2)→ H
•(BO(n);Z2),
that is a ring monomorphism and im (f•) is the set of polynomials in wi divisible
by wn ∈ Hn(BO(n);Z2), where i∗wn = χ1 · · ·χn. Furthermore,
f∗φ(1) = wn,
f∗φ(wi) = s
i
q(wn) = wiwn.
In general f∗φ(x) = xwn. Similar results can be obtained for H
•(BSO(n);Z2).
Lemma 2.57. The bordism groups Ωs,
+Ωs, Ω
U
s , Ω
SU
s , Ω
Sp
s , are canonically iso-
morphic to the stable homotopy groups. See Tab. 3.
After above results let us prove theorem for G = O(n). Let N ⊂ M be a s-
dimensional closed submanifold of M , dimM = n + s. The normal bundle on N
defines the following commutative diagram:
M
f //MO(n)
N
?
OO
// BO(n)
?
OO
where the bottom mappping is the classifying map. The complement of the neigh-
borhood of N in M fully reduces to a point σ0 by means of the contraction of ∂E˜
in the construction of M(ξ) = MO(n). Then, we get f∗φ(1) ≡ f∗u = D[N ], where
φ : H0(BO(n);Z2) → Hn(MO(n);Z2) (see Lemma 2.54). So if x ∈ Hs(M ;Z2)
is representable by a submanifold N ⊂ M , then we should have f∗φ(1) = Dx.
Conversely, if we assign a mapping f : M → MO(n) transversally regular along
BO(n) ⊂ MO(n), the reciprocal image of N ≡ f−1(BO(n)) is such that f∗u =
D[N ]. 
Theorem 2.58. Any cycle x ∈ Hn(M ;Z), dimM = n+ 1, can be realized with a
closed submanifold. Furthermore, any cycle x ∈ Hn(M ;Z), n+1 ≤ dimM ≤ n+2,
can be realized with an orientable closed submanifold. If s < n/2, for any cycle
x ∈ Hs(M ;Z), dimM = n, there exists a λ 6= 0 such that the cycle λx is represented
by an s-dimensional submanifold N ⊂M .
Theorem 2.59. Let M be any finite cell complex. For any cycle x ∈ Hs(M ;Z)
there exists an λ 6= 0 such that λx is the image of an s-dimensional manifold N ,
φ : N →M , φ∗[N ] = λx. One has the natural epimorphism
ΩSOs (X,Y )
⊗
Q→ Hs(X,Y ;Q).
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Definition 2.60. An X-structure on a manifold V is a homotopy class of cross-
sections of the bundle of geometric objects with fiber X over V . A X-manifold is a
manifold V together with an X-structure on V .
Proposition 2.61. If V is an X-manifold, then so is ∂V .
Definition 2.62. Given any closed X-manifold V one can define a second X-
manifold −V such that ∂(V × I) ∼= V ⊔ (−V ). Thus one can define a bordism
group for the class of n-dimensional X-manifolds, denoted by ΩXn and called the
n-th X-bordism group.
Spectra are also related to the bordism groups. In fact, one has the following.
Theorem 2.63 (R.Thom). One has the following isomorphism: ΩX•
∼= π•(MX),
where MX is the spectrum (Thom spectrum) associated to the X-structure.
Proof. See, e.g., [89] and works quoted there. 
Example 2.64. In particular, for X = BO, SO, U , SU and Sp, we get the bordism
groups considered in Theorem 2.53 and Lemma 2.57 and reported in Tab. 3.
Definition 2.65. A singular X-manifold in the space Y is a continuous map (sin-
gular simplex) f : M → Y , where M is a closed X-manifold. Two singular X-
manifolds (M, f), (M ′, f ′) in Y are called X-bordant if there is a pair (W, g) such
that W is a compact X-manifold with boundary, ∂W ∼= M ⊔(−M ′), and g is a con-
tinuous map g : W → Y such that g|M = f , g|M ′ = f ′. The corresponding bordism
group, for n-dimensional X-manifolds contained in Y , is denoted by ΩXn (Y ).
Theorem 2.66. One has the following isomorphisms:
ΩXn (Y )
∼= MXn(Y
+) ∼= πn(MX ∧ Y
+),
where Y + ≡ Y ∪ {∞} ≡ Y/∅. One has the following isomorphism:
ΩXn (Y )
∼= En(Y
+),
where E•(Y
+) is the homology induced by the spectrum MX.
Proof. See, e.g., [78, 89] and references quoted there. 
Example 2.67 (Framed cobordism and Pontrjagin-Thom construction). Let Ωfr•
denote the graded ring of framed cobordism and let Ωfr• (X) denote the graded ring of
framed cobordism classes of maps f : B → X, where B are framed manifolds without
boundary and X a fixed topological space. One has the isomorphisms reported in
(3).
(3)
 Ω
fr
•
∼= πs•, (π
s
n ≡ π
s
n(S
0) = lim
k
πn+k(S
k, s0))
Ωfr• (X) ∼= πs•(X
+), (πsn(X
+) ≡ lim
k
πn+k(S
kX+, ∗)).
Let B has a stably trivial normal bundle, i.e., let i : B → Rn+r be an embedding
for enough large r and its normal bundle ν(B, i) is trivial, ν(B, i) ∼= B×Rr. Then,
there is a canonical homeomorphism M(ν(B, i)) ≈ Σr(B+) = Sr ∧B+, between the
Thom complex of ν(B, i) and the r-fold suspension of B+, called framing of ν(B, i).
The Pontrjagin-Thom construction is the mapping given in (4).
(4)
Sn+r ≡ Rn+r
⋃
{∞} ≡ (Rn+r)+
τ
22//M(ν(B, i)) ≈ Σr(B+) = Sr ∧B+ // Sr
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The homotopy class of the map τ defines an element of πn+r(S
r). This construction
induces an isomorphism of graded rings Ωfr• ∼= πs•(S
0). This construction can be
generalized to maps f : B → X obtaining the mapping given in (5).
(5) Sn+r
τ
22// M(ν(B, i)) ≈ Σ
r(B+) // Sr(X+)
Taking into account that there is a stable homotopy equivalence X+ ≅ X ∨ S0 and
a non-canonical isomorphism πs•(X
+) = lim
→
(Σr(X+)) ∼= πs•(X)
⊕
πs•(S
0), we get
the other isomorphism in (3).18
Theorem 2.68 (Steenrod algebra and Stiefel-Whitney classes). There exists a
graded algebra A• ≡ A•(Fp) (Steenrod algebra) such that H•(X ;Zp) has a natural
structure of graded module over A•.19
In particular, A• over the prime field Fp has the interpretation as Zp-cohomology
of the Eilenberg-MacLane spectrum K(Fp). By the base change A•
⊗
Fp
Fq can be
considered the Fq-cohomology of the Eilenberg-MacLane spectrum K(Fq). By in-
cluding K(Fp) into K(Fq) we can view the elements of A
•
⊗
Fp
Fq as defining stable
cohomology operations in Fq-cohomology. This allows us to interpret elements of
S•(Fq) as stable cohomology operations acting on the Fp-cohomology of a topological
space.20
Furthermore, with respect this structure on H•(X ;Z2), the Stiefel-Whitney classes
are generated by w2i .
Proof. Let V be a n-dimensional Fq-vector space over the Galois field Fq of size
q = pk, with prime p and positive integer k ∈ N0.
21 Let us consider the con-
trovariant functor Fq[−], identified by the correspondence V  Fq[V ] ∼= S•(V ∗),
18In Tab. 4 are resumed relations between spectra, generalized (co)homologies, and some
distinguished examples. Let us emphasize the relation with Brown’s representable theorem. A
functor F : (W•′)op → Set is representable, i.e., F is equivalent to HomW•′ (−;C) for some CW-
complex C, iff the following conditions are satisfied. (i)(Wedge axiom). F (∨αXα) ∼=
∏
α F (Xα);
(ii)(Mayer-Vietoris axiom). For any CW complex W covered by two subcomplexes U and V ,
and any elements u ∈ F (U), v ∈ F (V ), such that u and v restrict to the same element of
F (U
⋂
V ), there is an element w ∈ F (W ) restricting to u and v, respectively. In the particular
case of singular cohomology, one has Hn(X;A) ∼= Hom(X;K(A,n)), i.e., the singular cohomology
functor is representable. Thanks to extended versions of Brown’s representable theorem one can
prove that all homology theories come from spectra, or by considering multiplicative operations,
all homology theories come from ring spectra with multiplication µ : E ∧ E → E and the unity
η : E(S0)→ E.
19These module structures A• ×H•(X;Zp)→ H•(X;Zp), allow us to understand that there
are strong constraints just on the space X in order to obtain cohomology spaces H•(X;Zp) with
a prefixed structure. For example, do not exist spaces X with H•(X;Zp) = Z[α], unless α has
dimension 2 or 4, where there examples CP∞ and HP∞.
20A cohomology operations is a natural transformation between cohomology functors. One says
that a cohomology operation is stable if it commutes with the suspension functor S. For example
the cup product squaring operator Hn(X;R)→ H2n(X;R), x 7→ x∪x, where R is a ring and X a
topological space, is an instable cohomology operation. Instead, are stable the following Steenrod
operations: Sqi : Hn(X;Z2) → Hn+i(X;Z2) and P i : Hn(X;Z2) → Hn+2i(p−1)(X;Z2). (In
Tab. 5 are resumed some fundamental properties of Sqi.)
21A Galois field (or finite field) is a field that contains only finitely many elements. These are
classified by q = pk if they contains q elements. Each Galois field with q elements is the splitting
field of the polynomial xq − x. Recall that the splitting field of a polynomial p(x) over a field K
is a field extension L of K over which p(x) factorizes into linear factors x − ai, and such that ai
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Table 4. Spectra E = {En} and generalized (co)homology theories.
Name Isomorphism Spectra
generalized homology En(X) = πn(E ∧X) = [ΣnS0, E ∧X] E
E•(X)
generalized cohomology En(X) = [(E(X),ΣnE] ∼= [Σ−nS2 ∧X,E] E
E•(X)
stable homotopy πsn(X) = lim
k
πn+k(S
kX, ∗) = πn(S0 ∧X) = S0n(X) sphere spectrum
πs•(X) S0 ≡ E(S0)
stable cohomotopy πns (X) = lim
k
πn+k(S
k ∧X) = (S0)•(X) sphere spectrum
π•s (X) S0 ≡ E(S0)
singular cohomology Hn(X;A) ∼= [X;K(A,n)] Eilenberg-MacLane
Hn(X;A) K(A,n)
topological K-theory K0(X) E0 = Z×BU
Kn(X) K1(X) E1 = U
K2n(X) ∼= K0(X) E2n = Z× BU
K2n+1(X) ∼= K1(X) E2n+1 = U
X-bordism ΩX• ∼= π•(MX) Thom spectrum
ΩX• MX
singular X-bordism ΩXn (Y )
∼= πn(MX ∧ Y +) ∼=MXn(Y +) Thom spectrum
ΩX• (Y ) MX
framed bordism Ωfrn = π
s
n sphere spectrum
Ωfr•
singular framed bordism Ωfrn (X) = π
s
n(X
+) sphere spectrum
Ωfr• (X)
A=abelian group.
U=infinite unitary group and BU its classifying space.
K0(X)=Groethendieck group of complex vector bundles over X.
K1(X)=Groethendieck group of vector bundles over SX.
coefficient groups of generalized homology theories: En(S0) = πn(E ∧ S0) = πn(E).
coefficient groups of generalized cohomology theories:
En(S0) = [E(S0),ΣnE] ∼= [S0,ΣnE] ∼= [Σ−nS0, E] = π−n(E).
Table 5. Properties of the Steenrod squares Sqi : Hn(X ;Z2) 7→ Hn+i(X ;Z2).
Name Properties
naturality f•(Sqi(x)) = Sqi(f•(x)), f : X → Y
additivity Sqi(x+ y) = Sqi(x) + Sqi(y)
Cartan formula Sqi(x ∪ y) =∑r+s=i(Sqr(x)) ∪ (Sqs(y))
stability S ◦ Sqi − Sqi ◦ S = 0
cup square Sqi(x) = x ∪ x, deg (x) = i
Sq0 Sq0 = 1
Sq1 Sq1= Bockstein homomorphism of the exact sequence
0 // Z2 // Z4 // Z2 // 0
Serre-Cartan basis {SqI ≡ Sqi1 · · ·Sqik}ij≥2ij+1
Adem’s relations {SqiSqj − Iij = 0}i,j>0, i<2j
Iij ≡∑0≤k≤[i/2]
(j−k−1
i−2k
)
Sqi+1Sqk.
A•(F2) =< Sqi > / < SqiSqj − Iij >.
For any p ≥ 2, A•(Fp) is generated by P i and the Bockstein operator β associated to
the short exact sequence 0 // Zp // Zp2 // Zp // 0 .
generates L over K, i.e, L = K(ai). (In Tab. 6 are reported some properties of field extensions
useful in the paper.) The extension L of minimal degree over K in which p splits exists and is
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where S•(V ∗) is the graded commutative symmetric algebra on the dual space V ∗
of V . Let us define the Fq-algebra homomorphism P (ξ) : Fq → Fq[V ][[ξ]], with the
formula P (ξ)(α) = α+αqξ ∈ Fq[V ][[ξ]], ∀α ∈ V ∗. Then we get the formulas in (6).
(6) P (ξ)(f) =
{ ∑
0≤i≤∞ P
i(f)ξi, q 6= 2∑
0≤i≤∞ Sq
i(f)ξi, q = 2
}
∀ f ∈ Fq[V ].
Equation (6) defines the Fq-linear maps P
i, Sqi : Fq[V ] → Fq[V ]. P i are called
Steenrod reduced power operations and Sqi are called Steenrod squaring operations.
For abuse of notation can be all denoted by P i and called Steenrod operations.
These operations satisfy the conditions (unstability conditions), reported in (7).
(7) P i(f) =
{
f q, i = deg (f)
0, i > deg (f)
}
∀ f ∈ Fq[V ], i, j, k ∈ N0.
Moreover, one has the derivation Cartan formulas reported in (8).
(8) P k(fg) =
∑
i+j=k
P i(f)P j(g), f, g ∈ Fq[V ].
Furthermore, one has the relations (Adem-Wu relations [100, 2, 10, 82]) reported
in (9).
(9) P iP j =
∑
0≤k≤[ iq ]
(−1)(i−qk
(
(q − 1)(j − k)− 1
i− qk
)
P i+j−kP k, ∀ i, j ≥ 0, i < qj.
For any Galois field Fq the coefficients are in the prime subfield Fp ⊳ Fq.
Then the Steenrod algebra is the free associative Fq-algebra generated by the reduced
power operations Pi, modulo the Adem-Wu relations. The admissible monomials
are an Fq-basis for the Steenrod algebra.
The Steenrod algebra has a natural structure of Hopf algebra [45, 47, 86].22
Set H(V ) ≡ F[V ]
⊗
Λ•(V ∗). One has two embeddings of V ∗ into H(V ), given in
(10).
(10)
V ∗
⊗
F ⊂ F[V ]
⊗
F
F ∼= F[V ] ⊂ H(V )
V ∗
a
44jjjjjjjjjjjjjjjjjj
b
**UUU
UUU
UUU
UUU
UUU
UUU
F
⊗
F
V ∗ ∼= V ∗ ⊂ Λ•(V ∗)
a(z) ≡ z ∈ V ∗ ⊂ F[V ]
z 7→
a
55llllllllllllll
b
))RR
RRR
RR
RR
RR
RR
R
b(z) ≡ dz ∈ V ∗ ⊂ Λ•(V ∗)
Let β : H(V ) → H(V ) be the unique derivation with the property that for an
alternating linear form dz one has β(dz) = z, and for any polynomial linear form
unique up to isomorphism, identified by the Galois group of p. (In Tab. 7 are reported some
fundamental properties and examples of Galois groups.)
22A• has a natural structure of Hopf algebra with commutative, associative comultiplication
ψ : A• → A•⊗A•, given by ψ(Ak) =∑i+j=k Ai⊗Aj . Let us denote by A• ≡ Homq(A•; Fq) =
⊕nAn = ⊕nHomFq (An;Fq) the dual vector space to A•. One has the canonical evaluation
pairing <,>: A• × A• → Fq, < f,α >= α(f). One has the following isomorphism of Fq-Hopf
algebras A• ∼= Fq[ξ1, ξ2, ξ3, · · · , ξk, · · · ], where deg(ξk) = qk−1, k ∈ N, and comultiplication
φ : A• → A• ⊗A•, given by φ(ξk) =
∑
i+j=k ξ
qj
i ⊗ ξj .
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z, one has β(z) = 0. This derivation is called Bockstein operator.23 Then the full
Steenrod algebra, A•(Fq), of the Galois field Fq is generated by P i, i ∈ N0, and the
Bockstein operator β. This a subalgebra of the algebra of endomorphisms of the
functor V  H(V ).
Then the relation between Stiefel-Whitney classes and Steenrod squares is given by
the relation (Wu’s relation) reported in (11).
(11) Sq(ν) = w
{
Sqk(x) = νk ∪ x
< Sqk(x), µ >=< νk ∪ x, µ >
}
.
This means that the total Stiefel-Whitney class w is the Steenrod square of the
total Wu class ν that is implicitly defined by the relation (11). The natural
short exact sequence Z // Z2 // 0 induces the Bockstein homomorphism
β : Hi(X ;Z2) → Hi+1(X ;Z). β(wi) ∈ Hi+1(X ;Z) is called the (i + 1)-integral
Stiefel-Whitney class.24 Thus, over the Steenrod algebra, the Stiefel-Whitney
classes w2i generate all the Stiefel-Whitney classes and satisfy the formula (Wu’s
formula) reported in (12).
(12) Sqi(wj) =
∑
0≤k≤i
(
j + k − i− 1
k
)
wi−kwj+k.

3. SPECTRA IN PDE’s
In this section we give an explicit relation between integral bordism groups for ad-
missible integral manifolds of PDE’s bording by means of smooth solutions, singular
solutions and weak solutions respectively. In particular we shall relate such integral
bordism groups with suitable spectra. Analogous relations for the corresponding
Hopf algebras of PDE’s, are considered. Then important spectral sequences, use-
ful to characterize conservation laws and (co)homological properties of PDE’s, are
related to their integral bordism groups.25
23The (co)homological interpretation of the Bockstein operator is associated to a
short exact sequence 0 // A• α // B•
β // C• // 0 of chain complexes in an abelian
category. In fact to such a sequence there corresponds a long exact sequence
· · · // Hn+1(A•) α∗ // Hn+1(B•) β∗ // Hn+1(C•)
δn+1 // Hn(A•)
α∗ // Hn(B•)
β∗ // Hn(C•)
δn // · · · . The boundary
maps δn+1 : Hn+1(C•) → Hn(A•) are just the Bockstein homomorphisms. In particular, if
0 // A α // B
β // C // 0 is a short exact sequence of abelian groups and A• = E• ⊗ A,
B• = E• ⊗ B, C• = E• ⊗ C, with E• a chain complex of free, or at least torsion free, abelian
groups, then the Bockstein homomorphisms are induced by the corresponding short exact sequence
0 // E• ⊗A 1⊗α // E• ⊗ B
1⊗β // E• ⊗ C // 0 . Similar considerations hold for cochain complexes. in
such cases the Bockstein homomorphism increases the degree, i.e., β : Hn(C•)→ Hn+i(A•).
24The third integral Stiefel-Whitney class is the obstruction to a spinc-structure on X.
25Let us also emphasize that we can recognize webs on PDE’s, by looking inside the geometric
structure of PDE’s. By means of such webs, we can solve (lower dimensional) Cauchy problems.
This is important in order to decide about the ”admissibility ” of integral manifolds in integral
bordism problems. However these aspects are not explicitly considered in this paper. They are
studied in some details in other previous works about the PDE’s algebraic topology by A. Pra´staro
[3]. For complementary informations on geometry of PDE’s, see, e.g., Refs. [4, 8, 9, 10, 25, 26,
28, 41, 56, 58, 59, 61, 62, 63, 64].
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Table 6. Properties of field extension L/K.
Name Properties
intermediate of L/K any extension L/H
such that H/K is an extension field
adjunction of subset S ⊂ L K(S)= smallest subfield containing K and S.
simple extension L = K({s}), s ∈ L, s=primitive element
degree of the extension [L : K] = dimK(L)
trivial extension [L : K] = 1, i.e., L = K
quadratic (cubic) extension [L : K] = 2, ([L : K] = 3)
finite (infinite) extension [L : K] <∞, ([L : K] =∞)
Galois extension L/K such that:
(a) (normality): L is the splitting field
of a family of polynomials in K[x];
(b) (separability):
For every α ∈ L, the minimal polynomial of α in K
is a sparable polynomial, i.e., has distinct roots.
[C : R] = 2 This is a simple, Galois extension:
C = R(i); [C : R] = |Aut(C/R)| = 2.
C/R ∼= R[x]/(x2 + 1).
[R : Q] = c This is an infinite extension.
c=cardinality of the continuum.
(♣): H/Q Splitting field of p(x) = x3 − 2 over Q.
H = Q(a1, a2) ⊂ C
{a1 = 21/3 ∈ 3
√
2, a2 = − 12 + i
√
3
2
∈ 3√1}
Artin’s theorem Galois extension: For a finite extension L/K
the following statements are equivalent.
(i). L/K is a Galois extension.
(ii). L/K is a normal extension and a separable extension.
(iii). L is the splitting field of a separable polynomial with coefficients in K.
(iv). [L : K] = |Aut(L/K)|=order of Aut(L/K).
Remark 3.1. Let us shortly recall some definitions about integral bordism groups
in PDE’s as just considered in some companion previous works by Pra´staro. Let
π :W →M be a smooth fiber bundle between smooth manifolds of dimension m+n
and n respectively. Let us denote by Jkn(W ) the k-jet space for n-dimensional sub-
manifolds of W . Let Ek ⊂ Jkn(W ) be a partial differential equation (PDE). Let
Ni ⊂ Ek, i = 1, 2, be two (n − 1)-dimensional compact closed admissible integral
manifolds. Then, we say that they are Ek-bordant if there exists a solution V ⊂ Ek,
such that ∂V = N1 ⊔N2 (where ⊔ denotes disjoint union). We write N1 ∼Ek N2.
The empty set ∅ will be regarded as a p-dimensional compact closed admissible in-
tegral manifold for all p ≥ 0. ∼Ek is an equivalence relation. We will denote by
ΩEkn−1 the set of all Ek-bordism classes [N ]Ek of (n− 1)-dimensional compact closed
admissible integral submanifolds of Ek. The operation of taking disjoint union de-
fines a sum + on ΩEkn−1 such that it becomes an Abelian group. We call Ω
Ek
n−1 the
integral bordism group of Ek. A quantum bord of Ek is a solution V ⊂ Jkn(W ) such
that ∂V is a (n− 1)-dimensional compact admissible integral manifold of Ek. The
quantum bordism is an equivalence relation. The set of quantum bordism classes
is denoted by Ωn−1(Ek).
26 The operation of disjoint union makes Ωn−1(Ek) into
an Abelian group. We call Ωn−1(Ek) the quantum bordism group of Ek. Similar
26In other words the quantum bordism group of Ek is the integral bordism group of J
k
n(W )
relative to Ek. (This language reproduces one in algebraic topology for couples (X, Y ) of differ-
entiable manifolds, where Y ⊂ X.)
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Table 7. Examples of Galois group of extension field L/K:
Gal(L/K) ≡ Aut(L/K) = {α ∈ Aut(L) | α(x) = x, ∀x ∈ K}
(⋆).
Examples Remarks
Gal(L/L) = {1}
Gal(C/R) = {1, i}
Aut(R/Q) = {1}
Aut(C/Q) infinite group
Galois group of polynomial p(x) = x3 − 2 6(♣) Gal(p(x)) = {1, f, f2, g, gf, gf2}
f, g ∈ Aut(H)
f(a1) = a1a2, f(a2) = a2,
g(a1) = a1, g(a2) = a22.
(⋆) Gal(L/K) does not necessitate to be an abelian group.
Fundamental theorem Galois theory: Let L/K be a finite and Galois field extension.
Then there are bijective correspondences between
its intermediate fields H and subgroups of its Galois group.
For any subgroup GH ✁Gal(L/K) H = {x ∈ L | α(x) = x, ∀α ∈ GH}✁ L.
For any intermediate field H of L/K,
H  GH = {α ∈ Gal(L/K) | α(x) = x, ∀x ∈ H}✁Gal(L/K).
In particular L  Gal(L/K) and K  Gal(L/K).
Table 8. Whitney-Stiefel classes w(E) ∈ H•(X ;Z2) properties.
Name Properties
naturality w(f⋆E) = f∗w(E), f : Y → X
zero-degree w0(E) = 1 ∈ H0(X;Z2) = Z2
normalization w1(γ) = 1 ∈ Z2 = H1(RP 1;Z2), γ=canonical line bundle
Whitney addition formula w(E ⊕ F ) = w(E) ∪ w(F )
Linearly independent iff wn−r+1(E) = · · · = wn(E) = 0
sections s1, · · · , sr
orientable bundle iff w1(E) = 0
orientable manifold X iff w1(TX) = 0
spin structure on E iff w1(E) = w2(E) = 0
spin structure on X iff w1(TX) = w2(TX) = 0
spinc structure on X iff w1(TX) = 0 and w2 belongs to the image
H2(X;Z)→ H2(X;Z2)
X = ∂Y iff < w, [X] >= 0
w : [X;Grn] ∼= Vn(X)→ H•(X;Z2)
Grn ≡ Grn(R∞), Vn(X)= set of real n-vector bundles over X.
definitions can be made for any 0 ≤ p < n− 1. For an ”admissible” p-dimensional,
p ∈ {0, · · · , n − 1}, integral manifold N ⊂ Ek ⊂ Jkn(W ) we mean a p-dimensional
smooth submanifold of Ek, contained into a solution V ⊂ Ek, that can be deformed
into V , in such a way that the deformed manifold N˜ is diffeomorphic to its projec-
tion X˜ ≡ πk,0(N˜) ⊂ W . In such a case X˜(k) = N˜ . Note that the k-prolongation,
X(k), of a p-dimensional submanifold X ⊂ Y , where Y is a n-dimensional sub-
manifold of W , is given by: X(k) = {[Y ]ka |a ∈ X} ⊂ Y
(k) ≡ {[Y ]kb | b ∈ Y }. Here
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[Y ]ka denotes the equivalence class of n-dimensional submanifolds of W , having in
b ∈ W a contact of order k with the n-dimensional submanifold Y ⊂W , passing for
p. The existence of admissible p-dimensional manifolds is obtained solving Cauchy
problems of order p ∈ {0, · · · , n − 1}, i.e., finding n-dimensional admissible inte-
gral manifolds (solutions) of a PDE Ek ⊂ J
k
n(W ), that contains some fixed integral
manifolds of dimension p < n. We call low dimension Cauchy problems, Cauchy
problems of dimension 0 ≤ p ≤ n − 2. We simply say Cauchy problems, Cauchy
problems of dimension p = n− 1.
In a satisfactory theory of PDE’s it is necessary to consider in a systematic way
also weak solutions, i.e., solutions V , where the set Σ(V ) of singular points of V ,
contains also discontinuity points, q, q′ ∈ V , with πk,0(q) = πk,0(q′) = a ∈ W ,
or πk(q) = πk(q
′) = p ∈ M . We denote such a set by Σ(V )S ⊂ Σ(V ), and, in
such cases we shall talk more precisely of singular boundary of V , like (∂V )S =
∂V \Σ(V )S. However for abuse of notation we shall denote (∂V )S, (resp. Σ(V )S),
simply by (∂V ), (resp. Σ(V )), also if no confusion can arise. Solutions with such
singular points are of great importance and must be included in a geometric theory
of PDE’s too.
Definition 3.2. Let ΩEkn−1, (resp. Ω
Ek
n−1,s, resp. Ω
Ek
n−1,w), be the integral bordism
group for (n−1)-dimensional smooth admissible regular integral manifolds contained
in Ek, bounding smooth regular integral manifold-solutions,
27 (resp. piecewise-
smooth or singular solutions, resp. singular-weak solutions), of Ek.
Theorem 3.3. Let π : W →M be a fiber bundle with W and M smooth manifolds,
respectively of dimension m+n and n. Let Ek ⊂ Jkn(W ) be a PDE for n-dimensional
submanifolds of W . One has the following exact commutative diagram relating the
groups ΩEkn−1, Ω
Ek
n−1,s and Ω
Ek
n−1,w:
(13) 0

0

0

0 // K
Ek
n−1,w/(s,w)

// KEkn−1,w

// KEkn−1,s,w

// 0
0 // KEkn−1,s

// ΩEkn−1

// ΩEkn−1,s

// 0
0 // ΩEkn−1,w

// ΩEkn−1,w

// 0
0 0
and the canonical isomorphisms: KEkn−1,w/(s,w)
∼= KEkn−1,s; Ω
Ek
n−1/K
Ek
n−1,s
∼= ΩEkn−1,s;
ΩEkn−1,s/K
Ek
n−1,s,w
∼= ΩEkn−1,w; Ω
Ek
n−1/K
Ek
n−1,w
∼= ΩEkn−1,w. In particular, for k = ∞,
one has the following canonical isomorphisms: KE∞n−1,w
∼= KE∞n−1,s,w; K
E∞
n−1,w/(s,w)
∼=
27This means that N1 ∈ [N2] ∈ ΩEkn−1, iff N(∞)1 ∈ [N(∞)2 ] ∈ ΩE∞n−1. (See Refs.[62, 72] for
notations.)
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KE∞n−1,s
∼= 0; ΩE∞n−1
∼= ΩE∞n−1,s; Ω
E∞
n−1/K
E∞
n−1,w
∼= ΩE∞n−1,s/K
E∞
n−1,s,w
∼= ΩE∞n−1,w. If Ek
is formally integrable then one has the following isomorphisms: ΩEkn−1
∼= ΩE∞n−1
∼=
ΩE∞n−1,s.
Proof. The proof follows directly from the definitions and standard results of alge-
bra. 
Theorem 3.4. Let us assume that Ek is formally integrable and completely in-
tegrable, and such that dimEk ≥ 2n + 1. Then, one has the following canon-
ical isomorphisms: ΩEkn−1,w
∼= ⊕r+s=n−1Hr(W ;Z2) ⊗Z2 Ωs ∼= Ω
Ek
n−1/K
Ek
n−1,w
∼=
ΩEkn−1,s/K
Ek
n−1,s,w. Furthermore, if Ek ⊂ J
k
n(W ), has non zero symbols: gk+s 6= 0,
s ≥ 0, (this excludes that can be k = ∞), then KEkn−1,s,w = 0, hence Ω
Ek
n−1,s
∼=
ΩEkn−1,w.
Proof. It follows from above theorem and results in [62]. Furthermore, if gk+s 6= 0,
s ≥ 0, we can always connect two branches of a weak solution with a singular
solution of Ek. 
Definition 3.5. The full space of p-conservation laws, (or full p-Hopf algebra), of
Ek is the following algebra: Hp(Ek) ≡ R
Ω
Ek
p .28 We call full Hopf algebra, of Ek,
the following algebra: Hn−1(E∞) ≡ R
ΩE∞n−1 .
Definition 3.6. The space of (differential) conservation laws of Ek ⊂ J
k
n(W ), is
Cons(Ek) = I(E∞)
n−1, where
I(Ek)
q ≡
Ωq(Ek) ∩ d−1(CΩq+1(Ek))
dΩq−1(Ek)⊕ {CΩq(Ek) ∩ d−1(CΩq+1(Ek))}
is the space of characteristic integral q-forms on Ek Here, Ω
q(Ek) is the space of
smooth q-differential forms on Ek and CΩ
q(Ek) is the space of Cartan q-forms on
Ek, that are zero on the Cartan distribution Ek of Ek. Therefore, β ∈ CΩq(Ek) iff
β(ζ1, · · · , ζq) = 0, for all ζi ∈ C∞(Ek).
29
Theorem 3.7. [62] The space of conservation laws of Ek has a canonical represen-
tation in Hn−1(E∞), (if the integral bordism considered is not for weak-solutions).
Theorem 3.8. Set: Hn−1(Ek) ≡ R
Ω
Ek
n−1 , Hn−1,s(Ek) ≡ R
Ω
Ek
n−1,s , Hn−1,w(Ek) ≡
RΩ
Ek
n−1,w . One has the exact and commutative diagram reported in (14), that define
the following spaces: KEkn−1,w/(s,w), K
Ek
n−1,w, K
Ek
n−1,s,w, K
Ek
n−1,s.
28This is, in general, an extended Hopf algebra. (See Refs. [59, 60].)
29
Cons(Ek) can be identified with the spectral term E
0,n−1
1 of the spectral sequence associ-
ated to the filtration induced in the graded algebra Ω•(E∞) ≡ ⊕q≥0Ωq(E∞), by the subspaces
CΩq(E∞) ⊂ Ωq(E∞). (For abuse of language we shall call ”conservation laws of k-order”, char-
acteristic integral (n− 1)-forms too. Note that CΩ0(Ek) = 0. See also Refs. [57, 58, 59, 60, 62].)
28 AGOSTINO PRA´STARO
(14) 0 0 0
0 K
Ek
n−1,w/(s,w)
oo
OO
KEkn−1,w
oo
OO
KEkn−1,s,w
oo
OO
0oo
0 K
Ek
n−1,s
oo
OO
Hn−1(Ek)oo
OO
Hn−1,s(Ek)oo
OO
0oo
0
OO
Hn−1,w(Ek)oo
OO
Hn−1,w(Ek)oo
OO
0oo
0
OO
0
OO
More explicitly, one has the following canonical isomorphisms:
(15)

K
Ek
n−1,w/(s,w)
∼= KK
Ek
n−1,s ;
KEkn−1,w/K
Ek
n−1,s,w
∼= K
K
Ek
n−1,w/(s,w) ;
Hn−1(Ek)/Hn−1,s(Ek) ∼= K
Ek
n−1,s;
Hn−1(Ek)/Hn−1,w(Ek) ∼= K
Ek
n−1,w
∼= Hn−1,s(Ek)/Hn−1,w(Ek) ∼= K
Ek
n−1,s,w.
If Ek is formally integrable one has: Hn−1(E∞) ∼= Hn−1(Ek) ∼= Hn−1,s(E∞).
Theorem 3.9. Let us assume the same hypotheses considered in Theorem 3.4. If
N ′ ∈ [N ]Ek ∈ Ω
Ek
n−1,w, then there exists a n-dimensional integral manifold (solu-
tion) bording N ′ with N , without discontinuities, i.e., a singular solution, iff all the
integral characteristic numbers of order k of N ′ are equal to the integral character-
istic numbers of the same order of N .
Proof. In fact we can consider a previous theorem given in Refs. [58, 59], where
it is proved that N bounds with N ′ a smooth integral manifold iff the respective
integral characteristic numbers of order k are equal. 
Theorem 3.10. Under the same hypotheses of Theorem 3.4, and with gk+s 6= 0,
s ≥ 0, one has the following canonical isomorphism: Hn−1,s(Ek) ∼= Hn−1,w(Ek).
Furthermore, we can represent differential conservation laws of Ek, coming from
I(Ek)
n−1, in Hn−1,w(Ek).
Proof. Let us note that I(Ek)
n−1 ⊂ I(E∞)n−1. If j : Cons(Ek) → Hn−1(E∞),
is the canonical representation of the space of the differential conservation laws
in the full Hopf algebra of Ek, (corresponding to the integral bordism groups for
regular smooth solutions), it follows that one has also the following canonical rep-
resentation j|I(Ek)n−1 : I(Ek)
n−1 → Hn−1,s(Ek) ∼= Hn−1,w(Ek). In fact, for any
N ′ ∈ [N ]Ek,s ∈ Ω
Ek
n−1,s
∼= ΩEkn−1,w, one has
∫
N ′
β =
∫
N
β, ∀[β] ∈ I(Ek)n−1, i.e., the
integral characteristic numbers of N and N ′ coincide. 
Theorem 3.11. Let Ek ⊂ Jkn(W ) be a formally integrable and completely integrable
PDE, with dimEk ≥ 2n + 1. Let π : W → M , be an affine fiber bundle, over
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Table 9. Important spaces associated to PDE Ek.
(Space of characteristic q-forms, q = 1, 2, · · · )
ChΩq(Ek) ≡ {β ∈ Ωq(Ek)|β(ζ1, · · · , ζq)(p) = 0, ζi(p) ∈ Char(Ek)p , ∀p ∈ Ek};
ChΩ0(Ek) = 0.
(Space of Cartan q-forms, q = 1, 2, · · · )
CΩq(Ek) ≡ {β ∈ Ωq(Ek)|β(ζ1, · · · , ζq)(p) = 0, ζi(p) ∈ (Ek) , ∀p ∈ Ek};
CΩ0(Ek) = 0.
(Space of p-characteristic q-forms, q = 1, 2, · · · )
ChpΩq(Ek) ≡ {β ∈ Ωq(Ek)|β(ζ1, · · · , ζq) = 0, with condition (♠)}.
(♠): (If at least q − p+ 1 of the fields ζ1, · · · , ζq are characteristic).
(Space of p-Cartan q-forms, q = 1, 2, · · · )
CpΩq(Ek) ≡ {β ∈ Ωq(Ek)|β(ζ1, · · · , ζq) = 0, with condition (♣)}.
(♣): (If at least q − p+ 1 of the fields ζ1, · · · , ζq are Cartan).
a 4-dimensional affine space-time M . Let us consider admissible only the closed
3-dimensional time-like smooth regular integral manifolds N ⊂ Ek. We consider
admissible only ones N with zero all the integral characteristic numbers. Then, there
exists a smooth time-like regular integral manifold-solution V , such that ∂V = N .
Proof. In fact, Ek is equivalent, from the point of view of the regular smooth
solutions, to E∞. On the other hand, we have:
ΩE∞3 /K
E∞
3,w
∼= ΩE∞3,w
∼=
⊕
r+s=3
Hr(W ;Z2)⊗Z2 Ωs = 0.
Therefore, ΩE∞3
∼= KE∞3,w . This means that any closed smooth time-like regular
integral manifold N ⊂ Ek, is the boundary of a weak solution in E∞. On the other
hand, since we have considered admissible only such manifolds N with zero integral
characteristic numbers, it follows that one has: ΩE∞3 = 0. 
Definition 3.12. In Tab. 9 we define some important spaces associated to a PDE
Ek ⊂ Jkn(W ).
Remark 3.13. If the fiber dimension of Char(Ek)p is s one has: ChΩ
q(Ek) =
Ωq(Ek), q > s. If the fiber dimension of Ek is r one has: CΩ
q(Ek) = Ω
q(Ek), q >
r. If k =∞ one has: ChΩq(Ek) = CΩq(E∞), ChpΩq(Ek) = CpΩq(E∞), CΩq(E∞) =
Ωq(E∞) = ChΩ
q(Ek), q > n. α ∈ ChΩq(Ek), iff α|V = 0, for all the character-
istic integral manifolds of Ek. If E∞ ⊂ Jkn(W ), then Char(E∞) = E∞, and
ChΩq(E∞) = CΩ
q(E∞). Furthermore, even if for any p ∈ E∞, one has an infin-
ity number of maximal integral manifolds (of dimension n) passing for p, one has
that all these integral manifolds have at p the same tangent space (E∞)p. Hence,
a differential q-form on E∞ is Cartan iff it is zero on all the integral manifolds of
E∞. One has the following natural differential complex:
(16)
0 // ChΩ1(Ek)
d // ChΩ2(Ek)
d // · · ·
· · · // ChΩs(Ek)
d // ChΩs+1(Ek)
d // · · · // ChΩr(Ek)
d // 0 ,
where s = fiber dimension of Char(Ek), and r = dimEk, with k ≤ ∞. In particu-
lar, if k = ∞ we can write above complex by fixing ChΩq(E∞) = CΩ
q(E∞). One
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has: d : ChpΩq(Ek) → ChpΩq+1(Ek), k ≤ ∞. In particular, for k = ∞ we can
write d : CpΩq(E∞) → CpΩq+1(E∞). One has the following filtration compatible
with the exterior differential:
Ch0Ωq(Ek) ≡ Ωq(Ek) ⊃ Ch1Ωq(Ek) ≡ ChΩq(Ek) ⊃ Ch2Ωq(Ek) ⊃ · · ·
· · · ⊃ ChqΩq(Ek) ⊃ 0,
for k ≤ ∞. As a consequence we have associated a spectral sequence (characteristic
spectral sequence of Ek): {Ep,qr (Ek), d
p,q
r }. In particular, if E∞ is the infinity
prolongation of a PDE Ek ⊂ J
k
n(W ) above spectral sequence applied to E∞ coincides
with the C-spectral sequence of Ek [59, 63]. Of particular importance is the following
spectral term:
E0,q1 (Ek) =
Ωq(Ek) ∩ d−1ChΩq+1(Ek)
dΩq−1(Ek)⊕ ChΩq(Ek)
that for k =∞ can be also written
E0,q1 (Ek) =
Ωq(Ek) ∩ d−1CΩq+1(Ek)
dΩq−1(Ek)⊕ CΩq(Ek)
.
Set: Ω¯q(Ek) = Ω
q(Ek)/ChΩ
q(Ek), ≤ ∞. Then, one has the following differential
complex associated to Ek (bar de Rham complex of Ek):
0 // Ω¯0(Ek)
d¯ // Ω¯1(Ek)
d¯ // Ω¯2(Ek)
d¯ // · · · 0
· · · // Ω¯s(Ek)
d¯ // 0 .
We call bar de Rham cohomology of Ek the corresponding homology H¯
q(Ek). One
has the following canonical isomorphism: E0,q1 (Ek)
∼= H¯q(Ek) , k ≤ ∞.
Definition 3.14. Set
I(Ek)p ≡
Ωp(Ek)∩d
−1(CΩp+1(Ek))
dΩp−1(Ek)⊕{CΩp(Ek)∩d−1(CΩp+1(Ek))}
,
Qkn(W )
p ≡ I(Jkn(W ))
p.
Remark 3.15. For k =∞ one has: I(E∞)p ∼= E
0,p
1 (E∞)
∼= H¯p(E∞).
Theorem 3.16. [58, 59] 1) Let us assume that I(Ek)p 6= 0. One has a natural
group homomorphism:
jp : Ω
Ek
p → (I(Ek)
p)∗
[N ]Ek 7→ jp([N ]Ek), jp([N ]Ek)([α]) =
∫
N α ≡< [N ]Ek , [α] > .
We call i[N ] ≡< [N ]Ek , [α] > integral characteristic numbers of N for all [α] ∈
I(Ek)p. Then a necessary condition that N ′ ∈ [N ]Ek is the following
(17) i[N ′] = i[N ] , ∀[α] ∈ I(Ek)
p.
Above condition is also sufficient for k =∞ in order to identify elements belonging
to the same singular integral bordism classes of ΩE∞p,s . In fact, one has the following
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exact commutative diagram:
0

ΩE∞p
jp

ip // ΩE∞p,s ≡ H¯p(E∞;R)

0 // (I(E∞)p)∗ // H¯p(E∞;R)∗ // 0
2) For any k ≤ ∞ one has the following exact commutative diagram:
0

0 // KEkp
// ΩEkp
jp $$I
II
II
II
II
// ΩEkp

// 0
(I(Ek)p)∗
Therefore, we can write
KEkp ≡ {[N ]Ek | < [α], [N ]Ek >= 0, ∀[α] ∈ I(Ek)
p}
N ′ ∈ [N ]Ek ∈ Ω
Ek
p ⇔
∫
N ′ α =
∫
N α , ∀[α] ∈ I(Ek)
p.
3) Let us assume that Qkn(W )
p 6= 0. One has a natural group homomorphism
j¯p : Ωp(Ek)→ (Qkn(W )
p)∗
[N ]Ek 7→ j¯p([N ]Ek)
j¯p([N ]Ek)([α]) =
∫
N α ≡< [N ]Ek , [α] > .
We call q[N ] ≡< [N ]Ek , [α] > quantum characteristic numbers of N , for all [α] ∈
Qkn(W )
p. Then, a necessary condition that N ′ ∈ [N ]Ek is that
(18) q[N ′] = q[N ] , ∀[α] ∈ Qkn(W )
p.
4) (Criterion in order condition (17) should be sufficient). Let us assume that
Ek ⊂ Jkn(W ) is such that all its p-dimensional compact closed admissible integral
submanifolds are orientable and I(Ek)
p 6= 0.30 Then, ker(jp) = 0, i.e.,
N ′ ∈ [N ]Ek ⇔
∫
N ′
α =
∫
N
α , ∀[α] ∈ I(Ek)
p.
In particular, for k =∞, one has ΩE∞p ∼= Ω
E∞
p,s as I(E∞)
p ∼= H¯p(E∞).
5) Under the same hypotheses of above theorem one has
N ′ ∈ [N ]Ek ⇔
∫
N ′
α =
∫
N
α , ∀[α] ∈ Qkn(W )
p.
Proof. See [58, 59]. 
30It is important to note that can be I(Ek)p 6= 0 even if Ek is p-cohomologic trivial, i.e.,
Hp(Ek;R) = 0. This, for example, can happen if Ek is contractible to a point.
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Remark 3.17. In above criterion ΩEkp (resp. Ωp(Ek)) does not necessarily coin-
cides with the oriented version of the integral (resp. quantum) bordism groups. In
fact, the Mo¨bius band is an example of non orientable manifold B with ∂B ∼= S1,
that, instead, is an orientable manifold.
Remark 3.18. The oriented version of integral and quantum bordism can be sim-
ilarly obtained by substituting the groups Ωp with the corresponding groups
+Ωp for
oriented manifolds. We will not go in to details.
Let us give, now, a full characterization of singular integral and quantum (co)bordism
groups by means of suitable characteristic numbers.
Definition 3.19. 1) Let Ek ⊂ Jkn(W ) be a PDE. We call bar singular chain com-
plex, with coefficients into an abelian groupG, of Ek the chain complex {C¯p(Ek;G), ∂¯},
where C¯p(Ek;G) is the G-module of formal linear combinations, with coefficients
in G,
∑
λici, where ci is a singular p-chain f : △p → Ek that extends on a neigh-
borhood U ⊂ Rp+1, such that f on U is differentiable and Tf(△p) ⊂ Ek. Denote
by H¯p(Ek;G) the corresponding homology (bar singular homology with coefficients
in G) of Ek. Let {C¯p(Ek;G) ≡ HomZ(C¯p(Ek;Z);G), δ¯} be the corresponding dual
complex and H¯p(Ek;G) the associated homology spaces (bar singular cohomology,
with coefficients into G of Ek).
2) A G-singular p-dimensional integral manifold of Ek ⊂ J
k
n(W ), is a bar singular
p-chain V with p ≤ n, and coefficients into an abelian group G, such that V ⊂ Ek.
3) Set B¯•(Ek;G) ≡ im (∂¯), Z¯•(Ek;G) ≡ ker(∂¯). Therefore, one has the following
exact commutative diagram:
0

0

0 // B¯•(Ek;G)

// Z¯•(Ek;G)

// H¯•(Ek;G) // 0
C¯•(Ek;G)

C¯•(Ek;G)

0 // GΩEk•,s // B¯or•(Ek;G)

// C¯yc•(Ek;G)

// 0
0 0
where B¯or•(Ek;G) ≡ bordism group; b ∈ G[a]Ek ∈ B¯or•(Ek;G)⇒ ∃c ∈ C¯•(Ek;G) :
∂¯c = a−b; C¯yc•(Ek;G) ≡ cyclism group; b ∈ G[a]Ek ∈ C¯yc•(Ek;G)⇒ ∂¯(a−b) = 0;
GΩEk•,s ≡ closed bordism group; b ∈
G[a]Ek ∈
GΩEk•,s ⇒
{
∂¯a = ∂¯b = 0
a− b = ∂¯c
}
.
Theorem 3.20. 1) One has the following canonical isomorphism: GΩEk•,s
∼= H¯•(Ek;G).
2) If GΩEk•,s = 0 one has: B¯or•(Ek;G)
∼= C¯yc•(Ek;G).
3) If C¯yc•(Ek;G) is a free G-module, then the bottom horizontal exact sequence, in
above diagram, splits and one has the isomorphism:
B¯or•(Ek;G) ∼=
GΩ(Ek)•,s
⊕
C¯yc•(Ek;G).
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Remark 3.21. In the following we shall consider only closed bordism groups GΩ(Ek)s,•.
So, we will omit the term ”closed”. Similar definitions and results can be obtained
in dual form by using the cochain complex {C¯•(Ek;G); δ¯}.
Definition 3.22. A G-singular p-dimensional quantum manifold of Ek is a bar
singular p-chain V ⊂ Jkn(W ), with p ≤ n, and coefficients into an abelian group G,
such that ∂V ⊂ Ek. Let us denote by GΩp,s(Ek) the corresponding (closed) bordism
groups in the singular case. Let us denote also by G[N ]Ek the equivalence classes
of quantum singular bordisms respectively.
Remark 3.23. In the following, for G = R we will omit the apex G in the symbols
GΩEkp,s,
GΩp,sEk and
GΩp,s(Ek).
Theorem 3.24 (Bar de Rham theorem for PDEs). One has a natural bilinear
mapping: <,>: C¯p(Ek;R) × C¯p(Ek;R) → R such that: (bar Stokes formula) <
δ¯α, c > +(−1)p < α, ∂¯c >= 0. One has the canonical isomorphism: H¯p(Ek;R) ∼=
HomR(H¯p(Ek;R);R) ≡ H¯p(Ek;R)∗, and a nondegenerate mapping:
<,>: H¯p(Ek;R)× H¯
p(Ek;R)→ R.
Hence one has the following short exact sequence
0 // H¯p(Ek;R) // H¯p(Ek;R)∗ .
This means that if c is a ∂¯-closed bar singular p-chain (∂¯c = 0) of Ek, c is the
boundary of a bar-singular (p + 1)-chain c′ of Ek (∂¯c
′ = c) , iff < c, α >= 0, for
all the δ¯-closed bar singular p-cochains α of Ek. Furthermore, if α is a δ¯-closed
bar singular p-cochain of Ek, α is δ¯-exact, (α = δ¯β) iff < c, α >= 0, for all the
∂¯-closed bar singular p-chains c of Ek.
Proof. The full proof has been given in [58, 59]. 
Remark 3.25. 1) Similarly to the classical case, we can also define the relative
(co)homology spaces H¯p(Ek, X ;R) and H¯p(Ek, X ;R), where X ⊂ Ek is a bar sin-
gular chain.
2) One has the following exact sequence:
· · · // H¯p(X ;R) // H¯p(Ek;R) // H¯p(Ek, X ;R) // H¯p−1(X ;R) // · · ·
· · · H¯0(X ;R) // H¯0(Ek;R) // H¯0(Ek, X ;R) // 0 .
3) One has the following isomorphisms: H¯p(Ek, ∗;R) ∼= H¯p(Ek;R), with p > 0;
H¯0(Ek, ∗;R) = 0 if Ek is arcwise connected.
Theorem 3.26. Let us assume that Ek ⊂ Jkn(W ) is a formally integrable PDE.
1) As π∞ : E∞ → Ek is surjective, one has the following short exact sequence of
chain complexes:
C¯•(E∞;R) // C¯•(Ek;R) // 0 ,
C¯•(E∞;R) C¯
•(Ek;R)oo 0oo .
These induce the following homomorphisms of vector spaces: H¯p(E∞;R)→ H¯p(Ek;R),
H¯p(E∞;R)← H¯p(Ek;R).
2) One has the following isomorphisms: ΩEkp,s
∼= H¯p(Ek;R), k ≤ ∞, Ωp,s(Ek) ∼=
H¯p(J
k
n(W ), Ek;R).
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3) One has the following exact sequences of vector spaces:
ΩEkn−1,s
an−1 // Ω
Jkn(W )
n−1,s
bn−1// Ωn−1,s(Ek)
cn−1 // ΩEkn−2,s
an−2 // · · ·
· · ·
a0 // ΩEk0,s
b0 // Ω
Jkn(W )
0,s
c0 // Ω0,s(Ek) // 0 .
Therefore, one has unnatural splits:
Ωp,s(Ek) ∼= Ω
Jkn(W )
p,s × Ω
Ek
p−1,s ; Ω
Jkn(W )
p,s
∼= ΩEkp,s × Ωp,s(Ek),
where
Ω
Jkn(W )
p,s ≡ im (bp) ∼= ker(cp),
ΩEkp−1,s ≡ im (cp)
∼= coim (cp) ≡ Ωp,s(Ek)/ ker(cp) ∼= coker (bp) ≡ Ωp,s(Ek)/im (bp),
ΩEkp,s ≡ im (ap)
∼= ker(bp),
Ωp,s(Ek) ≡ im (bp) ∼= coim (bp) ≡ Ω
Jkn(W )
p,s / ker(bp) ∼= coker (ap) ≡ Ω
Jkn(W )
p,s /im (ap).
4) One has a natural homomorphism: π∞,k∗ : Ω
E∞
p,s → Ω
Ek
p,s.
Definition 3.27. We call singular integral characteristic numbers of a p-dimensional
∂¯-closed singular integral manifold N ⊂ Ek ⊂ Jkn(W ) the numbers i[N ] ≡< N,α >∈
R, where α is a δ¯-closed bar singular p-cochain of Ek.
Definition 3.28. We call singular quantum characteristic numbers of a p-dimensional
∂¯-closed singular integral manifold N ⊂ Ek ⊂ Jkn(W ), the numbers q[N ] ≡<
N,α >∈ R, where α is a δ¯-closed bar singular p-cochain of Jkn(W ).
Theorem 3.29. 1) N ′ ∈ [N ]sEk ⇔ N
′ and N have equal all the singular integral
characteristic numbers: i[N ′] = i[N ].
2) N ′ ∈ [N ]s
Ek
⇔ N ′ and N have equal all the singular quantum characteristic
numbers: q[N ′] = q[N ].
Proof. It follows from the bar de Rham theorem that one has the following short
exact sequences:
0 // ΩEkp,s // H¯
p(Ek;R)
∗ ,
0 // Ωp,s(Ek) // H¯p(Jkn(W ), Ek;R)
∗ .

Theorem 3.30. The relation between singular integral (quantum) bordism groups
and homology is given by the following exact commutative diagrams:
0

0 // KH¯p(Ek;R) // Ω
Ek
p,s
// ̂¯Hp(Ek;R)

// 0
Hp(Ek;R)
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where
KH¯p(Ek;R) ≡ {[N ]sEk |N = ∂V, V = singular p-chain in Ek}
≡ {[N ]sEk | < [α]|[N ]
s
Ek
>= 0, ∀[α] ∈ Hp(Ek;R)}.
We call s[N ] ≡< [α]|[N ]sEk >≡ singular characteristic numbers of [N ]
s
Ek
.
0

0 // KH¯p(Jkn(W ), Ek;R)
// Ωp,s(Ek) // ̂¯Hp(Jkn(W ), Ek;R)

// 0
Hp(J
k
n(W ), Ek;R)
where
KH¯p(J
k
n(W ), Ek;R)
≡ {[N ]s
Ek
|N = ∂V, V = singularp-chain in Jkn(W )}
≡ {[N ]s
Ek
| < [α]|[N ]s
Ek
>= 0, ∀[α] ∈ Hp(Jkn(W ), Ek;R)}.
We call singular characteristic numbers of [N ]s
Ek
the numbers sq[N ] ≡< [α]|[N ]sEk
>.
Theorem 3.31. 1) The integral bordism group ΩEkp , 0 ≤ p ≤ n− 1, is an extension
of a subgroup ΩˆEkp,s of the singular integral bordism group Ω
Ek
p,s.
2) The quantum bordism group Ωp(Ek), 0 ≤ p ≤ n−1, is an extension of a subgroup
Ωˆp,s(Ek) of the singular quantum bordism group Ωp,s(Ek).
Proof. 1) In fact, one has a canonical group-homomorphism jp : Ω
Ek
p → Ω
Ek
p,s, that
generates the following exact commutative diagram:
0

0 // KEkp,s // Ω
Ek
p
jp !!B
BB
BB
BB
B
ip // ΩˆEkp,s

// 0
0 // ΩEkp,s // H¯p(Ek;R) // 0
where KEkp,s ≡ ker(jp) and Ωˆ
Ek
p,s ≡ Ω
Ek
p /K
Ek
p,s . Furthermore, K
Ek
p,s can be character-
ized by means of characteristic numbers. In fact we get
KEkp,s
=
{
[N ]sEk |∃(p+ 1)− dimensional singular integral submanifold V ⊂ Ek, with ∂V = N
}
=
{
[N ]sEk |i[N ] = 0 for all singular integral characteristic numbers
}
.
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2) In fact, one has a canonical group homomorphism j¯p : Ωp(Ek)→ Ωp,s(Ek), hence
one has the following exact commutative diagram:
0

0 // Kp,s(Ek) // Ωp(Ek)
jp %%J
JJ
JJ
JJ
JJ
J
// Ωˆp,s(Ek)

// 0
0 // Ωp,s(Ek) // H¯p(Jkn(W ), Ek;R)
// 0
where
Kp,s(Ek) ≡ {[N ]
s
Ek
|q[N ] = 0, for all singular quantum characteristic numbers}.

In [59] we have also related integral (co)bordism groups of PDEs to some spectrum
in such a way to generalize also to PDEs the Thom-Pontrjagin construction usually
adopted for bordism theories. In fact we have the following theorem.
Theorem 3.32 (Integral spectrum of PDEs). 1) Let Ek ⊂ Jkn(W ) be a PDE.
Then there is a spectrum {Ξs} (singular integral spectrum of PDEs), such that
ΩEkp,s = limr→∞ πp+r(E
+
k ∧ Ξr), Ω
p,s
Ek
= limr→∞[S
rE+k ,Ξp+r], p ∈ {0, 1, . . . , n− 1}.
2) There exists a spectral sequence {Erp,q}, (resp. {E
p,q
r }), with E
2
p,q = Hp(Ek, Eq(∗)),
(resp. Ep,q2 = H
p(Ek, E
q(∗))), converging to ΩEk•,s, (resp. Ω
•,s
Ek
). We call the spectral
sequences {Erp,q} and {E
p,q
r } the integral singular spectral sequences of Ek.
Proof. See [59]. 
Let us, now, relate integral bordism to the spectral term E0,n−11 of the C-spectral
sequence, that represents the space of conservation laws of PDEs. In fact we repre-
sent E0,n−11 into Hopf algebras that give the true full meaning of conservation laws
of PDEs.
Definition 3.33. We define conservation law of a PDE Ek ⊂ Jkn(W ), any differ-
ential (n− 1)-form β belonging to the following quotient space:
Cons(Ek) ≡
Ωn−1(E∞) ∩ d−1CΩn(E∞)
CΩn−1(E∞)
⊕
dΩn−2(E∞)
,
where Ωq(E∞), q = 0, 1, 2, . . . , is the space of differential q-forms on E∞ , CΩ
q(E∞)
is the space of all Cartan qforms on E∞, q = 1, 2, . . . , (see Tab. 9), and CΩ
o(E∞) ≡
0, CΩq(E∞) ≡ Ωq(E∞), for q > n, Ω−1(E∞) = 0. Thus a conservation law is a
(n − 1)-form on E∞ non trivially closed on the (singular) solutions of Ek. The
space of conservation laws of Ek can be identified with the spectral term E
0,n−1
1 of
the C-spectral sequence associated to Ek. One can see that locally we can write
Cons(Ek) =
{
ω ∈ Ωn−1(E∞)|tialω = 0
}{
ω = tialθ|θ ∈ Ωn−2(E∞)
} ,
where
∂ω =
∑
µ0,...,µn−1
(∂[µ0ωµ1...µn−1])dx
µ0 ∧ · · · ∧ dxµn−1 ,
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with
ω =
∑
µ1,...,µn−1
ωµ1...µn−1(x
µ, yj)dxµ1 ∧ · · · ∧ dxµn−1mod CΩn−1(E∞)
and
∂µ ≡ ∂xµ +
∑
i∈I
Aiµ(x, y)∂yi , µ = 1, . . . , n,
basis Cartan fields of E∞, where {xµ, yj}1≤µ≤k,j∈I are adapted coordinates.
Theorem 3.34. 1) One has the canonical isomorphism: I(E∞)n−1 ∼= Cons(E∞).
So that integral numbers of E∞ can be considered as conserved charges of Ek.
2) One has the following homomorphism of vector spaces
(19) j : E0,n−11 → R
ΩE∞n−1 .
Then E0,n−11 identifies a subspace E
0,n−1 of RΩ
E∞
n−1 , where
E0,n−1 ≡ im(j) =
{
φ ∈ RΩ
E∞
n−1 |∃β ∈ E0,n−11 , φ([N ]E∞) =
∫
N
β|N
}
.
Proof. 1) It is a direct consequence of previous definitions and results.
2) In fact, to any conservation law β : E∞ → Λon−1(E∞) we can associate a function
j(β) ≡ φ : ΩE∞n−1 → R, φ([N ]) =
∫
N β|N . This definition has sense as it does not
depend on the representative used for [N ]E∞ . In fact, if β is a conservation law,
then ∀V ∈ Ω(E∞)c, with ∂V = N0 ⊔N1, we have∫
∂V
β|∂V =
∫
V
dβ|V = 0⇒
∫
N0
β|N0 =
∫
N1
β|N1 .
Furthermore, the mapping j is not necessarily injective. Indeed one has
(20) ker(j) =
β ∈ E0,n−11
∣∣∣∣∣∣
∫
N
β|N = 0
for all (n− 1)-dimensional admissible
integral manifolds of E∞
 .
So ker(j) can be larger than the zero-class [0] ∈ Cons(Ek).
31 
Remark 3.35. Note that one has the following short exact sequence:
0 // RΩ̂
E∞
n−1,s
i∗ //
RΩ
E∞
n−1
where i∗ is the mapping i∗ : φ 7→ φ ◦ i, ∀φ ∈ R
Ω̂E∞n−1,s , and i ≡ in−1 is the canonical
mapping defined in the following commutative diagram:
R R
ΩE∞n−1
i∗(φ)
OO
in−1
// ΩˆE∞n−1,s
OO
φ // 0
As in−1 is surjective it follows that i∗ is injective. So any function on Ω
E∞
n−1,s can
be identified with a function on ΩE∞n−1. In particular, if Ωˆ
E∞
n−1,s
∼= ΩE∞n−1,s then any
function on ΩE∞n−1,s can be identified with a function on Ω
E∞
n−1.
31For example for the d’Alembert equation one can see that for any conservation law ω one
has < ω,N >= 0, where N is any admissible 1-dimensional compact integral manifold of d′A),
but ω 6∈ [0] ∈ E0,n−11 .
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By means of Theorem 3.34 we are able to represent E0,n−11 by means of a Hopf alge-
bra. In the following Ω can be considered indifferently one of previously considered
”bordism groups”.
Lemma 3.36. Denote by KΩ the free K-module generated by Ω. Then, KΩ has a
natural structure of K-bialgebra (group K-bialgebra. (Here K = R).
Proof. In fact define on the free K-module KΩ the multiplication
(
∑
x∈Ω
axx)(
∑
y∈Ω
byy) =
∑
z∈Ω
(
∑
xy=z
axby)z.
Then, KΩ becomes a ring. The map ηKΩ : K → KΩ , ηKΩ(λ) = a1, where 1 is
the unit in Ω, makes KΩ an K-algebra. Furthermore, if we define K-linear maps
△ : KΩ → KΩ
⊗
K
KΩ, △(s) = s ⊗ s and ǫ : KΩ → K, ǫ(s) = 1, then (KΩ,△, ǫ)
becomes a K-coalgebra. 
Lemma 3.37. The dual linear space (KΩ)∗ of KΩ can be identified with the set:
RΩ ≡Map(Ω,K), where the dual K-algebra structure of KΩ is given by
(f + g)(s) = f(s) + g(s)
(fg)(s) = f(s)g(s)
(af)(s) = af(s) , ∀f, g ∈Map(Ω,K), s ∈ Ω, a ∈ K
 .
Lemma 3.38. If Ω is a finite group A ≡ Map(Ω,K) has a natural structure of
K-bialgebra (µ, η,△, ǫ), with
(a) µ : A
⊗
K
A→ A , µ(f ⊗ g) = f.g;
(b) η : K→ A , η(λ)(s) = λ , ∀s ∈ Ω;
(c) △ : A→ A
⊗
K
A , △(f)(x, y) = f(xy);
(d) ǫ : A→ K , ǫ(f) = f(1).
Lemma 3.39. KΩ has a natural structure of K-Hopf algebra.
Proof. Define the K-linear map S : KΩ → KΩ, S(x) = x−1, ∀x ∈ Ω. Then,
(1 ∗ S)(x) = xS(x) = xx−1 = 1 = ǫ(x)1 = η ◦ ǫ(x), x ∈ Ω. Then, S is the antipode
of KΩ so that KΩ becomes a K-Hopf algebra. 
Lemma 3.40. If Ω is a finite group A ≡ Map(Ω,K) has a natural structure of
K-Hopf algebra. If Ω is not a finite group Map(Ω;K) has a structure of Hopf
algebra in extended sense, i.e., an extension of an Hopf K-algebra K contained
into Map(Ω;K). More precisely, K = RK(Ω) is the Hopf K-algebra of all the
representative functions on Ω. In fact, one has the following short exact sequence:
0 // RK(Ω) //Map(Ω;K) // H // 0 ,
where H is the quotient algebra. (If Ω is a finite group then H = 0.) Therefore,
< E1,0 > is, in general, an Hopf algebra in this extended sense.
Proof. In fact one can define the antipode S(f)(x) = f(x−1), ∀f ∈ A, x ∈ Ω. It
satisfies the equalities: µ(1⊗ S)△ = µ(S ⊗ 1)△ = η ◦ ǫ. 
Theorem 3.41. The space of conservation laws E0,n−11 of a PDE identifies in
a natural way a K-Hopf algebra: < E0,n−1 >⊂ H(E∞) ≡ Map(Ω
E∞
n−1,R). If
E0,n−1 = 0 ∈Map(ΩE∞n−1,R), we put for definition < E
0,n−1 >≡ H(E∞). We call
< E0,n−1 > the Hopf algebra of Ek.
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Proof. It is an immediate consequence of Theorem 3.34 and above lemmas, and
taking into account the following commutative diagram
RΩ
E∞
n−1 × RΩ
E∞
n−1
//
RΩ
E∞
n−1
E0,n−1 × E0,n−1
OO
// < E0,n−1 >
OO
where < E0,n−1 > is the Hopf subalgebra of RΩ
E∞
n−1 generated by E0,n−1. We
denote by fα the image of the conservation law α ∈ E
0,n−1
1 into R
ΩE∞n−1 . So in <
E0,n−1 > we have the following product: < E0,n−1 > × < E0,n−1 >→< E0,n−1 >,
(fα, fβ) 7→ fα.fβ. Furthermore, we can explicitly write
η : K→< E0,n−1 > , η(λ)(s) = λ,
△ : < E0,n−1 >→< E0,n−1 >
⊗
K
< E0,n−1 > , △(f)(x, y) = f(xy),
ǫ : < E0,n−1 >→ K , ǫ(f) = f(1),
S : < E0,n−1 >→< E0,n−1 > , S(f)(x) = f(x−1).
So the proof is complete. 
Definition 3.42. We call full p-Hopf algebra of Ek ⊂ Jkn(W ) the following Hopf
algebra: Hp(Ek) ≡ RΩ
Ek
p . In particular for p = n− 1 we write H(Ek) ≡ Hn−1(Ek)
and we call it full Hopf algebra of Ek.
If < E0,n−1 >∼= H(E∞) ≡ R
ΩE∞n−1 , we say that Ek is wholly Hopf-bording. Fur-
thermore, we say also that RΩ
Ek
p ≡ Hp(Ek) is the space of the full p-conservation
laws of Ek.
Theorem 3.43. If ΩE∞n−1 is trivial then Ek is wholly Hopf-bording. Furthermore,
in such a case E0,n−1 = 0.
Proof. In fact, in such a case one has
∫
N
ω =
∫
∂V
=
∫
V
dω = 0, ∀[ω] ∈ E0,n−11 ,
[N ] ∈ ΩE∞n−1, and V = n-dimensional admissible integral manifold contained into
E∞. Hence, for definition one has < E
0,n−1 >∼= H(E∞). 
Theorem 3.44 (Cartan spectral sequences and integral Leray-Serre spectral se-
quences of PDE’s). Let Ek ⊂ Jkn(W ) be a PDE on the fiber bundle π : W → M ,
dimW = n+m, dimM = n. Let I(Ek)→ Ek, (resp. I+(Ek)→ Ek) be the Grass-
mannian bundle of integral planes (resp. oriented integral planes), of Ek. with
fibre Fk (resp. F
+
k ). Then we can identifies two (co)homology spectral sequences:
(a) Cartan spectral sequences and (b) integral Leray-Serre spectral sequences, such
that if Ek is formally integrable and the following conditions occur:
(i) I(Ek) is path-connected;
(ii) Hq(Fk;R) is simple;
(iii) Fk is totally non-homologous to 0 in I(Ek) with respect to R;
(iv) Hq(Fk;R) = 0 if q > 0, or H
q(Fk;R) = R if q = 0;
then the above cohomology spectral sequences of Ek converge to the same space
H•(E∞;R) ∼= H•(Ek;R). (A similar theorem holds for oriented case.)
All above spectral sequences are natural with respect to fibred preserving maps and
fibrations.
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Table 10. Properties of the Cartan spectral sequence {E•,•r , dr}
of PDE Ek ⊂ Jkn(W ).
r E•,•r Particular cases
[2,∞] Ep,qr = 0, (p > 0, q 6= n)
Ep,qr = 0, (p = 0, q > n)
0 E0,q0 = Ω
q
(E∞), d0 = d¯
Ep,q0 = 0, q < 0
Ep,q0 = 0, q > n
1 E0,q1 = H
q
(E∞) E0,n−11 = H
n−1
(E∞) ∼= Cons(Ek)
E0,n1 = H
n
(E∞) ∼= Lagr(Ek) (♠)
Ep,q1 = 0, (p > 0, q 6= 0)
E0,q1 = E
0,q
∞ , q < n)
2 Ep,n2 = E
p,n
∞ , p > 0
Eq−n,n2 = H
q(E∞), q ≥ n
Ek ≡M = n-dimensional manifold with Ekn ≡ 0 ⊂ TM (♣).
0 Ep,00 = Ω
p(M), d0 = 0
Ep,q0 = 0, q > 0
1 Ep,q1 = E
p,q
0
d1 = d : E
p,0
1 = Ω
p(M)→ Ep+1,01 = Ωp+1(M) = 0
2 Ep,02 = H
p(M), d2 = d : Hp(M)→ Hp+1(M)
Ep+1,02 = H
p+1(M)
(♠) Lagr(Ek)= space of Lagrangian densities.
(♠) d1ω = 0 is the Euler-Lagrange equation of [ω] ∈ Lagr(Ek).
{E•,•r , dr}, converges to the de Rham cohomology algebra H•(E∞).
If Ek is formally integrable H
•(E∞) ∼= H•(Ek).
If Ek = J
k
n(W ) then H
q(Ek) ∼= Hq(W ).
If Ω
s+1
(E∞) = 0 for s ≥ 0, then Ep,q0 = 0 for q > s.
Hq(E∞) = H
q
(E∞) if q < n.
(♣) CΩ• = Ω•(M), CkΩ• = ⊕i>kΩi(M).
Table 11. Properties of the (co)homology integral Leray-Serre
spectral sequences of PDE Ek ⊂ J
k
n(W ).
r {Er•,•, dr} and {E•,•r , dr} Convergence space Particular cases
2 E2p,q
∼= Hp(Ek;Hq(Fk;G)) H•(I(Ek);G)
2 Ep,q2
∼= Hp(Ek;Hq(Fk;R)) H•(I(Ek);R) Ep,q2 ∼= Hp(I(Ek);K)⊗Hq(Fk ;K)
if Hq(Fk ;R) simple and R = K=field
G=abelian group; R=commutative ring with unit.
Fk=fibre of the fibre bundle I(Ek)→ Ek.
Similar formulas hold for oriented fibre bundle I+(Ek)→ Ek with oriented fibre F+k .
Proof. A detailed proof of this theorem is given in [56]. Here let us recall only
that the Cartan spectral sequence of a PDE Ek is induced by the filtration (21) of
Ω•(E∞) ≡ C
∞(⊕i≥0Λ
0
i (E∞)).
(21) Ω•(E∞) = C
0Ω•(E∞) ⊃ C
1Ω•(E∞) ⊃ · · · ⊃ C
kΩ•(E∞) ⊃ · · ·
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whereCkΩ•(E∞) is the k-th degree of differential ideal CΩ
•(E∞) =
⊕
i≥0 CΩ
i(E∞),
with CΩi(E∞) ≡ CΩ1(E∞)∧Ωi−1(E∞) and CΩ1(E∞) is the annulator of the Car-
tan distribution Ekn ⊂ TE∞. Furthermore, Ω
i
(E∞) ≡ Ωi(E∞)/CΩi(E∞) and
di : Ω
i
(E∞)→ Ω
i+1
(E∞) is induced by the exterior differential d on Ω
i(E∞). Put
H
i
(E∞) ≡ ker(di)/im (di−1). The Cartan spectral sequence of Ek converges to
the de Rham cohomology algebra H•(E∞). If Ek is formally integrable one has
H•(E∞) ∼= H•(Ek). In Tab. 10 are resumed some remarkable properties of the
Cartan spectral sequences.
The (co)homology integral Leray-Serre spectral sequences of a PDE, are obtained
as (co)homology Leray-Serre spectral sequences of the fiber bundles I(Ek) → Ek
(resp. I+(Ek) → Ek). In Tab. 11 are resumed some remarkable properties of the
Cartan spectral sequences. 
4. SPECTRA IN EXOTIC PDE’s
In this last section results of the previous two sections are utilized to obtain some
new results in the geometric theory of PDE’s. More precisely, it is introduced the
new concept of exotic PDE, i.e., a PDE having Cauchy integral manifolds with
exotic differential structures. Integral (co)bordism groups for such exotic PDE’s
are characterized by suitable spectra, and local and global existence theorems are
obtained. The main result is Theorem 4.7 characterizing global solutions in Ricci
flow equation, that extends some previous results in [75] also to dimension n = 4. In
fact, we have proved that the smooth Poincare´ conjecture is true. As a by-product
we get also that the smooth 4-dimensional h-cobordism theorem holds. This extends
to the category of smooth manifolds, the well-known result by Freedman obtained
in the category of topological manifolds.
Definition 4.1 (Exotic PDE’s). Let Ek ⊂ J
k
n(W ) be a k-order PDE on the fiber
bundle π : W → M , dimW = m + n, dimM = n. We say that Ek is an exotic
PDE if it admits Cauchy integral manifolds N ⊂ Ek, dimN = n− 1, such that one
of the following two conditions is verified.
(i) Σn−2 ≡ ∂N is an exotic sphere of dimension (n−2), i.e. Σn−2 is homeomorphic
to Sn−2, (Σn−2 ≈ Sn−2) but not diffeomorphic to Sn−2, (Σn−2 6∼= Sn−2).
(ii) ∅ = ∂N and N ≈ Sn−1, but N 6∼= Sn−1.32
Example 4.2. The Ricci flow equation is an exotic PDE for n-dimensional Rie-
mannian manifolds of dimension n ≥ 7. (See [62, 72, 74, 75].) (For complementary
informations on the Ricci flow equation see also the following Refs. [14, 15, 29, 30,
31, 32, 33, 53, 54].)
Example 4.3. The Navier-Stokes equation can be encoded on the affine fiber bundle
π : W ≡ M × I × R2 → M , (xα, x˙i, p, θ)0≤α≤3,1≤i≤3 7→ (xα). (See [59, 64, 65, 67,
69, 72].) Therefore, Cauchy manifolds are 3-dimensional space-like manifolds. For
such dimension do not exist exotic spheres. Therefore, the Navier-Stokes equation
cannot be an exotic PDE. Similar considerations hold for PDE’s of the classical
continuum mechanics.
32The following Refs. [7, 12, 13, 21, 34, 35, 36, 37, 38, 39, 42, 44, 45, 46, 46, 48, 49, 50, 51,
52, 79, 80, 83, 84, 85, 88, 93, 94, 97, 99] are important background for differential structures and
exotic spheres.
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Example 4.4. The n-d’Alembert equation on Rn can be an exotic PDE for n-
dimensional Riemannian manifolds of dimension n ≥ 7. (See [76].)
Example 4.5. The Einstein equation can be an exotic PDE for n-dimensional
space-times of dimension n ≥ 7. Similar considerations hold for generalized Ein-
stein equations like Einstein-Maxwell equation, Einstein-Yang-Mills equation and
etc.
Theorem 4.6 (Integral bordism groups in exotic PDE’s and stability). Let Ek ⊂
Jkn(W ) be an exotic formally integrable and completely integrable PDE on the fiber
bundle π : W → M , dimW = n + m, dimM = n, such that dimEk ≥ 2n + 1,
dim gk 6= 0 and dim gk+1 6= 0. Then there exists a spectrum Ξs such that for
the singular integral p-(co)bordism groups can be expressed by means of suitable
homotopy groups as reported in (22).
(22)
{
ΩEkp,s = lim
r→∞
πp+r(E
+
k ∧ Ξr)
Ωp,sEk = limr→∞
[SrE+k ,Ξp+r]
}
p∈{0,1,··· ,n−1}
Furthermore, the singular integral bordism group for admissible smooth closed com-
pact Cauchy manifolds, N ⊂ Ek, is given in (23).
(23) ΩEkn−1,s
∼=
⊕
p+q=n
Hp(W ;Z2)⊗Z2 Ωq.
In the homotopy equivalence full admissibility hypothesis, i.e., by considering ad-
missible only (n− 1)-dimensional smooth Cauchy integral manifolds identified with
homotopy spheres, one has ΩEkn−1,s = 0, when the space of conservation laws is not
zero. So that Ek becomes an extended 0-crystal PDE. Then, there exists a global
singular attractor, in the sense that all Cauchy manifolds, identified with homotopy
(n− 1)-spheres, bound singular manifolds.
Furthermore, if in W we can embed all the homotopy (n−1)-spheres, (i.e. dimW ≥
2n+1, and all such manifolds identify admissible smooth (n−1)-dimensional Cauchy
manifolds of Ek), then two of such Cauchy manifolds bound a smooth solution
iff they are diffeomorphic and one has the following bijective mapping: ΩEkn−1 ↔
Θn−1.
33
Moreover, if in W we cannot embed all homotopy (n − 1)-spheres, but only Sn−1,
then in the sphere full admissible hypothesis, i.e., by considering admissible only
(n − 1)-dimensional smooth Cauchy integral manifolds identified with Sn−1, then
ΩEkn−1 = 0. Therefore Ek becomes a 0-crystal PDE and there exists a global smooth
attractor, in the sense that two of such smooth Cauchy manifolds, identified with
Sn−1 bound smooth manifolds. Instead, two Cauchy manifolds identified with exotic
(n− 1)-spheres bound by means of singular solutions only.
All above smooth or singular solutions are unstable. Smooth solutions can be stabi-
lized.
Proof. The relations (22) are direct applications of Theorem 3.32. Furthermore,
under the hypotheses of theorem we can apply Theorem 3.4. Thus we get directly
(23). Furthermore, under the homotopy equivalence full admissibility hypothesis,
all admissible smooth (n − 1)-dimensional Cauchy manifolds of Ek, are identified
with all possible homotopy (n − 1)-spheres. Moreover, all such Cauchy manifolds
33For the definition of the groups Θn, see [75].
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have same integral characteristic numbers. (The proof is similar to the one given
for Ricci flow PDE’s in [72, 75, 3].) Therefore, all such Cauchy manifolds belong
to the same singular integral bordism class, hence ΩEkn−1,s = 0. Thus in such a
case Ek becomes an extended 0-crystal PDE. When W ≥ 2n + 1, all homotopy
(n−1)-spheres can be embedded inW and so that in each smooth integral bordism
class of ΩEkn−1 are contained homotopy (n− 1)-spheres. Then, since two homotopy
(n− 1)-spheres bound a smooth solution of Ek iff they are diffeomorphic, it follows
that one has the bijection (but not isomorphism) ΩEkn−1
∼= Θn−1. In the sphere full
admissibility hypothesis we get ΩEkn−1 = 0 and Ek becomes a 0-crystal PDE.
Let us assume now, that in W we can embed only Sn−1 and not all exotic (n− 1)-
spheres. Then smooth Cauchy (n − 1)-manifolds identified with exotic (n − 1)-
spheres are necessarily integral manifolds with Thom-Boardman singularities, with
respect to the canonical projection πk,0 : Ek → W . So solutions passing through
such Cauchy manifolds are necessarily singular solutions. In such a case smooth so-
lutions bord Cauchy manifolds identified with Sn−1, and two diffeomorphic Cauchy
manifolds identified with two exotic (n− 1)-spheres belonging to the same class in
Θn−1 cannot bound smooth solutions. Finally, if also S
n−1 cannot be embedded in
W , then there are not smooth solutions bording smooth Cauchy (n− 1)-manifolds
in Ek, identified with S
n−1 or Σn−1 (i.e., exotic (n − 1)-sphere). In other words
ΩEkn−1 is not defined in such a case ! 
We are ready to state the main result of this paper that completes Theorem 4.59
in [75].
Theorem 4.7 (Integral h-cobordism in Ricci flow PDE’s). The Ricci flow equation
for n-dimensional Riemannian manifolds, admits that starting from a n-dimensional
sphere Sn, we can dynamically arrive, into a finite time, to any n-dimensional ho-
motopy sphere M . When this is realized with a smooth solution, i.e., solution with
characteristic flow without singular points, then Sn ∼= M . The other homotopy
spheres Σn, that are homeomorphic to Sn only, are reached by means of singular
solutions.
In particular, for 1 ≤ n ≤ 6, one has also that any smooth n-dimensional homotopy
sphere M is diffeomorphic to Sn, M ∼= Sn. In particular, the case n = 4, is related
to the proof that the smooth Poincare´ conjecture is true.
Figure 1. Embeddings of 3-dimensional homotopy spheres in S4
and smooth 3-dimensional h-cobordism.
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Proof. Let us consider some lemmas and definitions.
Lemma 4.8 (Smooth 3-dimensional h-cobordism theorem). Let N1 and N2 be
3-dimensional smooth homotopy spheres. Then there exists a trivial smooth h-
cobordism V , i.e., a 4-dimensional manifold V , such that the following conditions
are satisfied:
(i) ∂V = N1 ⊔N2;
(ii) The inclusions Ni →֒ V , i = 1, 2, are homotopy equivalences;
(iii) V is diffeomorphic to the smooth manifold N1 × I.
Proof. This lemma is a direct consequence of the Poincare´ conjecture as proved by
A. Pra´staro in [72]. In fact, there it is proved that Ni, i = 1, 2, can be identified with
two smooth Cauchy manifolds of the Ricci flow equation (RF ), bording singular
solutions V , that are h-cobordisms, but also smooth solutions V ′ that are necessarily
trivial h-bordisms. (See also [75].) As a by-product it follows that V ′ ∼= Ni× I. 
Lemma 4.9 (Smooth 4-dimensional generalized Jordan-Brouwer-Scho¨nflies prob-
lem). A smoothly (piecewise-linearly) embedded 3-sphere in the 4-sphere S4 bounds
a smooth (piecewise-linear) 4-disk D4 ⊂ S4: any embedded 3-sphere in S4 separates
it into two components having the same homology groups of a point.34
Proof. All the reduced homology groups of the complements Y ≡ Sn \ f(Dn) ⊂ Sn
of smooth embeddings f : Dk → Sn are trivial ones: H˜p(Y ;Z) = 0, p ≥ 0.
35 In (24)
are given the reduced homology groups of Sn \ f(Sk), for any smooth embedding
f : Sk → Sn, k < n.
(24) H˜p(Sn \ f(Sk);Z) =
{
Z p = n− k − 1
0 otherwise.
}
⇒ H˜p(Sn \ f(Sn−1);Z) =
{
Z p = 0
0 otherwise.
In particular for n = 4, we get H˜0(S
4 \ f(S3);Z) = Z, i.e., H0(S
4 \ f(S3);Z) =
Z
⊕
Z. Since H˜• preserves coproducts, i.e., takes arbitrary disjoint unions to direct
sums, we get that Z ≡ S4 \ f(S3 is made by two contractible, separate components
of S4. This agrees with Lemma 4.8. In fact, let consider a fixed S4 ⊂ R5, identified
with the equation
∑
1≤i≤5(x
i)2 − 1 = 0, as representative of the framed cobordism
class of 4-dimensional spheres, since Ωfr4
∼= πS4 (S
0) = 0. Let M1 ⊂ R5 be a 3-
dimensional smooth homotopy sphere outside S4, and let f : M1 → S4 be any
embedding. Set f(M1) ≡ X ⊂ S4. Let M2 ⊂ R5 be another 3-dimensional smooth
homotopy sphere inside S4. (See Fig. 1.) Since Ω3 = 0, we can find a smooth 4-
dimensional manifold V such that ∂V =M1⊔M2 and such that V
⋂
S4 = X . From
Lemma 4.8 we can assume that V is a trivial h-cobordism. This implies that X
34It is well known that the Scho¨nflies problem is related to extensions of the Jordan-Brouwer
theorem. (See, e.g., [42].) Let us emphasize that the lemma does not necessitate to work in the
category of topological spaces. In fact, it is well known that topological embeddings f : S2 → S3
do not necessarily have simply connected the two separate components of S3 \ f(S2). In fact this
is just the case of the Alexander horned sphere Σ2 ⊂ S3 [5].
35The reduced homology groups H˜p(X), of non-empty space X, are the homology groups of
the augmented chain complex: · · ·C2(X) ∂2 // C1(X) ∂1 // C0(X) ǫ // Z // 0 , where
ǫ can be considered generated by the chain [∅] 7→ X, sending the simplex with no-vertices (empty
simplex) to X, i.e., ǫ(
∑
i niσ) =
∑
i ni. Since ǫ∂i = 0, ǫ induces a map H0(X) → Z with kernel
H˜0(X), so one has H0(X) ∼= H˜0(X)
⊕
Z, and Hp(X) ∼= H˜p(X), ∀p > 0. Therefore, we get
H˜0(pt) ∼= 0. Furthermore, one has H˜p(X,A) ∼= Hp(X,A), for any couple (X,A), X ⊃ A 6= ∅, and
H˜p(X) = Hp(X, x0).
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cannot be knotted. As a by-product it follows that X ∼= ∂D4 ⊂ S4. The same result
can be obtained by considering framed cobordism classes in Ωfr3
∼= πS3 (S
0) ∼= Z28,
i.e., by considering intersections of S4 ⊂ R5 with 4-dimensional planes R4, where
embed representatives of 3-dimensional framed homotopy spheres. 
Lemma 4.10 (The smooth Poincare´ conjecture). The smooth (4-dimensional)
Poincare´ conjecture is true. In other words all compact, closed, 4-dimensional
smooth manifolds, Σ4, homotopy equivalent to S4, are diffeomorphic (other than
homeomorphic) to S4: Σ4 ∼= S4.
Proof. Existence of exotic 4-spheres is related to the existence of exotic 4-disks.
Thus let us recall the definition of exotic 4-disks.
Definition 4.11. An exotic 4-disk (or Mazur manifold), is a contractible, compact,
smooth 4-dimensional manifold D˜4 which is homeomorphic, but not diffeomorphic,
to the standard 4-disk D4.
The boundary of an exotic 4-disk is necessarily an homology 3-sphere. So it is
important to study the structure of such homology 3-spheres. With this respect we
shall introduce some further definitions and lemmas.
Definition 4.12. A periodic diffeomorphism f of an orientable 3-manifold M has
trivial quotient if the corresponding space of orbits, say Mf , is homeomorphic to
S3: Mf ≈ S
3.
Example 4.13. The standard S3 admits a periodic diffeomorphism f of any order
and with trivial quotient: S3f ≈ S
3.
It is well known from a theorem by Kervaire that for n ≥ 4 the h-cobordism classes
of homotopy n-spheres are isomorphic to the ones of the h-cobordism classes of
homology n-spheres. The situation is instead different in dimension n = 3. This
depends from the following lemmas.
Lemma 4.14 (Properties of homology 3-spheres). 1) The connected sum of two
homology 3-spheres is a homology 3-sphere too.
2) (Prime decomposition of 3-manifolds) [46, 81] Every homology 3-sphere can be
written as a connected sum of prime homology 3-spheres in an essentially unique
way. (A homology 3-sphere that cannot be written as a connected sum of two ho-
mology 3-spheres is called irreducible (or prime).)
Example 4.15. If p, q and r are pairwise relatively prime positive integers, then
the Brieskorn 3-sphere Σ(p, q, r) is the homology 3-sphere identified by the equations
(25) in C3 ∼= R6.
(25) (Σ(p, q, r)) :
{
x2 + y2 + z2 − 1 = 0
xp + yq + zr = 0
}
⊂ R6
Thus Σ(p, q, r) is a framed 3-dimensional manifold Σ(p, q, r) ⊂ R3+n, n ≥ 3. Fur-
thermore Σ(p, q, r) is homeomorphic to S3 if one of p, q and r is 1. Further-
more, Σ(2, 3, 5) is the Poincare´ (homology) sphere, called also Poincare´ dodecahe-
dral space. Its fundamental group (binary icosahedral group) is Z120. Σ(2, 3, 5)
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cannot bound a contractible manifold because the Rochlin invariant provides an ob-
struction, hence the Poincare´ homology sphere cannot be the boundary of an exotic
4-disk.36
Example 4.16. Let a1, · · · , ar, be integers all at least 2 such that any are coprime.
Then the Seifert fiber space 37 {b, (o1, 0), (a1, b1), · · · , (ar, br)}, with b+
b1
a1
+ · · ·+
br
ar
= 1a1···ar , over the sphere with exceptional fibers of degrees a1, · · · , ar, is a
homology 3-sphere. If r is at most 2, one has the standard S3. If the a’s are 2, 3,
and 5 one has the Poincare´ sphere. If there are at least three a’s not 2, 3, 5, then
one has an acyclic homology 3-sphere with infinite fundamental groups that has a
Thurston geometry modeled on the universal cover of SL2(R).
Lemma 4.17 (Structures of homology 3-spheres [6]). An homology 3-sphere M is
S3 iff it admits four periodic diffeomorphisms fi, i = 1, 2, 3, 4, with parwise different
odd prime orders whose space of orbits is S3, i.e., S3 ≈Mfi , i = 1, 2, 3, 4.
An irreducible, homology 3-sphere, different from S3, is the cyclic branched cover
of odd prime order of at most four knots in S3.
Now, Lemma 4.8 implies that cannot exist exotic 4-disks obtained by smoothly
embedding S3 into S4. This means that the boundary of an exotic 4-disk must
necessarily be an homology 3-sphere. On the other hand, from the above lemmas it
follows also that smooth homology spheres that can bound a contractible manifold
are the ones homeomorphic to S3. It follows that the boundary of an exotic 4-disk
cannot be any homology 3-sphere, but only 3-dimensional manifolds, homeomorphic
to S3, hence, after the proof of the Poincare´ conjecture, must necessarily be ∂D˜4 ∼=
S3. So if there exist exotic 4-disks, their exoticity must be localized in their interiors.
Let us, now, consider the relation between exotic R4’s, say R˜4, and 4-spheres. For
our purposes it is enough to consider the case where the exoticity of R˜4 is localized
in a open compact subset K ⊂ R˜4. (See Refs.[18, 19, 22, 23, 24, 27, 90, 91].) Let
us compactify R˜4 to a point: (R˜4)+ ≡ R˜4
⋃
{∞} ≡ Σ4. Then, the relation between
Σ4 and S4 is given by the exact commutative diagram in (26). This diagram shows
that the smooth 4-dimensional manifold Σ4 is homeomorphic to S4, and it is a fiber
bundle over S4. This should have the consequence that Σ 6∼= S4, unless a is the
identity mapping. Now the question is the following: does Σ4 bound a contractible
manifold V ? (From results in [75] we know that Σ4 bounds singular solutions of
the Ricci flow equation.) Since S4 = ∂D5, and taking into account the h-cobordism
theorem in dimension n = 4, in the category of topological manifolds, (Freedman),
we can assume that V ≈ S4 × I, hence V ≈ D5. Whether V is not diffeomorphic
to D5, we should conclude that there exist exotic 5-disks. On the other hand, it
is well known that do not exist exotic Rn, for n 6= 4. Therefore if there exists
an exotic D5, say D˜5, its exoticity must be localized on its boundary ∂D˜5. On
the other hand, D˜5
⋃
∂D˜5 D˜
5 should be an exotic 5-sphere. This is impossible,
36The Rokhlin invariant of a spin 3-manifold X is the signature of any spin 4-manifold V ,
such that ∂V = X, is well defined mod 16. A spin structure exists on a manifold M , if its second
Stiefel-Whitney class is trivial: w2(M) = 0. These structures are classified by H1(M ;Z2) ∼=
H1(M ;Z2). Therefore, homology 3-spheres have an unique spin structure, hence for them the
Rokhlin invariant is well defined. In particular the Poincare´ homology sphere bounds a spin
4-manifold with intersection form E8, so its Rokhlin invariant is 1.
37These are 3-dimensional manifolds endowed with a S1-bundle structure over a 2-dimensional
orbifold. (See, e.g., [81].)
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since do not exist exotic 5-spheres. Therefore, must necessarily be V ∼= D5, hence
Σ4 = ∂V ∼= ∂D5 = S4. This means that the process of compactification to a point
of R˜4 necessarily produces the collapse of K to {∞}. Really the closure K of the
compact domain of exoticity in R˜4 cannot have as boundary ∂K a simply connected
3-dimensional manifold homotopy equivalent to S3. In fact, in this case it should be
∂K ∼= S3, henceK ∼= D4, but this contradicts the assumption that in K is localized
the exoticity of R˜4. On the other hand ∂K should coincide also with the boundary
of the complement of K in Σ4, that is necessarily an open 4-disk
◦
D 4, whether we
assume that in the process of compactification the exoticity remains localized in K.
This contradiction means that just in this process of compactification K collapses
to ∞ too: K → ∞. Thus we can conclude that the mapping a in diagram (26) is
necessarily the identity, hence Σ4 ∼= S4.
(26) R˜4
≈

  // R˜4
⋃
{∞} ≡ Σ4
≈ a

// Σ4/K
⋃
{∞}
≀
R4
  // R4
⋃
{∞} ≡ S4

S4
0
Therefore, if do not exist exotic 4-spheres, do not exist exotic 4-disks and vice
versa. In fact, if there exists an exotic 4-disk D˜4, we get that D˜4♯D˜4 ≡ Σ4 ≈ S4,
where Σ4 is an exotic 4-sphere, (hence homeomorphic to S4). Vice versa if one has
an exotic 4-sphere Σ4, we can write Σ4 ∼= A
⋃
X B, where X is a 3-dimensional
smooth manifold that separates Σ4.38 Then at least one of the submanifolds A and
B should be an exotic 4-disk. On the other hand, from the above results it follows
that cannot exist exotic 4-spheres. Therefore the smooth Poincare´ conjecture is
true. 
As direct consequences of above lemmas and by considering the proof of Theorem
4.59 in [75], it follows that this theorem can be extended, now, to the case n = 4
too, i.e., by using the same symbols defined in [75], we can say that Θ4 = Γ4 = 0.
In conclusion the proof of Theorem 4.7 is down. 
Corollary 4.18 (Smooth 4-dimensional h-cobordism theorem). The smooth h-
cobordism theorem holds in dimension 4.
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